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Abstract—Presented here is a new total Lagrangian finite-element formulation for general laminated
composite shells undergoing large-displacement. large-rotation. and large-strain motion. The theory
fully accounts for geometric nonlinearities (large rotations), large in-plane strains. general initial
curvatures, transverse shear deformations, and interlaminar normal stresses by using Jaumann
stress and strain measures, an exact coordinate transformation. and a new concept of orthogonal
virtual rotations. In addition, with the inclusion of transverse normal and shear stresses, the
theory accounts for three-dimensional stress effects and gives accurate effective structural stiffnesses.
Because of the inclusion of all possible initial curvatures. the developed strain-displacement
expressions can be used for any surface structures and are fully nonlinear, which contain von
Karman strains as a special case. Moreover, the theory accounts for the continuity of interlaminar
shear and peeling stresses and the normal and shear stress conditions on the bonding surfaces by
using a new layer-wise local displacement field. which results in a higher-order shear theory that
contains most shear deformation theories as special cases. In this paper. we develop a fully nonlinear
displacement-based finite-element formulation based on the derived shell theory. The verification
and accuracy of the theory will be presented in a subsequent paper by comparing obtained numerical
results with some exact solutions.

l. INTRODUCTION

The advent and expanded use of high-performance composite materials in aircraft, aero-
space vehicles, large space structures, automotive, shipbuilding, and recreational industries,
have stimulated interest in the development of refined two-dimensional theories and efficient
computational models for anisotropic plates and shells in order to have accurate predictions
of the static and dynamic responses and failure characteristics. The inherent anisotropy of
composite materials offers linear elastic couplings among bending, extension, torsion, and
shearing motions, thereby making it possible to satisfy sophisticated design criteria, but it
also makes nonclassical three-dimensional effects significant.

Loads on a shell are carried by a combination of bending and stretching actions
because extension and bending motions are coupled due to an initially curved shape. Hence,
the strength of a shell depends on its shape as well as its material. Moreover, owing to the
initial curvatures, curvilinear coordinate systems are needed in the formulation of shells.
These facts complicate the modeling and analysis of shells.

Motion of a shell is described by the deformation of its reference surface and the
shear warpings and transverse stretching of its cross-sections with respect to the deformed
reference surface. Different approximations of the deformation of the reference surface
result in different geometrically nonlinear shell theories, and different approximations of
the cross-section warpings result in different shear-deformation theories.

1.1. Transverse shear and normal stresses

Love (1944) established the foundations of the classical linear theory of thin shells by
applying Kirchhoff's hypothesis to the cross-section deformation and hence neglecting
transverse shear strains. Based on an order-of-magnitude analysis, Koiter (1960) pointed
out that refinements of Love's first approximation theory of thin elastic shells are mean-
ingless unless the effects of transverse shear and normal stresses are taken into account.
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For isotropic plates and shells. shear effects are significant only if they vibrate at
high frequencies and ‘or they are thick. For composite structures, shear effects are usually
significant because the ratio of the in-plane Young's moduli £, (z = 1,2) to the transverse
shear moduli G,; is between 20 and 50 compared with 2.5 to 3.0 in isotropic materials.
Gulati and Essenburg (1967), and Noor and Burton (1990) showed that transverse shear
deformations can be more significant in anisotropic plates and shells than in isotropic or
even orthotropic structures of the same geometry.

In thin structures made of conventional i1sotropic structural materials, transverse nor-
mal strains and stresses are very small compared to their in-plane counterparts because
transverse normal strains are mainly due to Poisson effect and transverse normal stresses
are almost zero. However, for anisotropic shells, because of anisotropy, nonuniformity of
Poisson’s ratios through the shell thickness, and/or external pressure loads on the bonding
surfaces (e.g. internal pressures of tires), interlaminar normal stresses and strain energy can
be very high [e.g. see Noor er al. (1990)]. Moreover, some researchers (Whitney, 1971;
Whitney and Sun, 1974 ; Sivakumaran and Chia. 1985 ; Doxsee and Springer, 1991) showed
that for fiber-reinforced composite shells that undergo large rotations and/or are subjected
to thermal loading. the effects of transverse normal expansion may be quite significant. In
the case of thermal loading. fiber-reinforced composite materials usually exhibit high
thermal expansion coefficients in directions normal to the fibers and very small coefficients
in the direction of the fibers. Since there are no fibers in the transverse direction of a
laminated composite structure, significant expansion or contraction in this direction can
occur when the structure is subjected to a change in temperature. When thermal and
mechanical loads are combined to cause nonlinear deformations, the effects of transverse
normal strains and stresses are certainly significant, and cannot be neglected.

Experimental results show that (a) the classical shell theory underpredicts the deflec-
tions and overpredicts the natural frequencies and critical buckling loads because the
transverse shear strains are neglected, and (b) the effect of transverse shear deformations
increases with increasing mode number. Moreover, transverse shear and normal stresses
are sources promoting structural failures (such as delaminations) because laminated com-
posites are weak in interlaminar shear and peeling strengths.

In linear structural analyses, although an indirect post-processing technique by using
equilibrium equations can give reasonable solutions for interlaminar stresses, there is a
concern for using this technique in general application. Moreover, this technique cannot
be directly extended to analyse structures undergoing large rotations because nonlinear
equilibrium equations need to be solved. Hence, to better predict structural dynamic
responses and’or failure of laminated shells. transverse normal and shear deformations
need to be directly included in the modeling.

When transverse shear and normal stresses are included, the stress state becomes three-
dimensional. Thus. because of the characteristics of a three-dimensional stress state and
anisotropy and heterogeneity of composite materials. general composite shells need to be
treated as three-dimensional solids. A three-dimensional finite-element method may be the
only way to analyse them. However. a three-dimensional finite-element analysis is very
expensive. especially if certain accuracy is desired. Moreover, the use of three-dimensional
elements would involve many degrees of freedom that may be unnecessary. Furthermore,
since a shell 1s characterized by a smaller dimension in the thickness direction compared to
the in-planc dimensions. numerical ill-conditioning may occur in a three-dimensional finite-
element analysis.

Fortunately. the inertial forces due to transverse normal and shear displacements are
negligible because they are relative displacements with respect to the deformed reference
surface and are therefore much smaller than the global displacements of the reference
surface. especially for shells undergoing large rigid-body movements as well as elastic
deformations. In general. the effect of rotary inertias is small compared to the effect of
shear deformations (Ambartsumyan, 1969 ; Wu and Vinson, 1969). This is especially true
for shells undergoing lower-frequency vibrations. However, transverse normal and shear
displacements represent extra degrees of freedom for the deformation of a shell and hence
significantly affect its effective structural stiffnesses. Hence, for a two-dimensional shell
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theory, transverse normal and shear displacements need to be modeled in order to account
for their influence on structural stiffnesses.

For thin shells, lamination theories that employ a single expansion for the displacement
field throughout the entire laminated thickness are commonly used in dynamic analysis.
There are several shear-deformation theories. such as the first-order. third-order (Bhi-
maraddi, 1984 ; Reddy and Liu, 1985; Dennis and Palazotto, 1989), and other higher-order
theories (Mirsky and Herrmann, 1957 ; Zukas and Vinson. 1971 ; Whitney and Sun, 1974
Voyiadjis and Shi, 1991). The first-order shear theory and some higher-order shear theories
need shear correction factors which depend on variations of the shear angles. complex
stress states, and the shape of the shell, and cannot be easily determined. On the other
hand, the third-order shear theory does not involve determination of any unknown shear
coeflicients. However, the third-order theory does not account for the continuity of inter-
laminar shear stresses, the elastic coupling of the two transverse shear deformations, and
the influence of initial curvatures, and hence it is appropriate only for isotropic and one-
layer orthotropic plates (Pai ef a/., 1993 ; Pai and Nayfeh, 1994a).

For moderately thick composite shells, Di Sciuva (1987) used a piecewise linear
displacement field to fulfill the interlaminar continuity conditions for shear stresses, and
the resulting shear warping functions are structure-dependent. Unfortunately, this theory
does not satisfy the free shear-stress conditions on the boundary surfaces. Pai er al. (1993)
and Pai and Nayfeh (1994a) extended the piecewise linear displacement field used by Di
Sciuva (1987) by using quadratic and cubic interpolation functions. This displacement field
satisfies continuity conditions of interlaminar shear stresses. accommodates {ree shear-
stress conditions on the bonding surfaces, and accounts for initial curvatures and non-
uniform distributions of transverse shear stresses in each layer. This theory contains most
shear theories as special cases and reveals the shear coupling effect. Transverse normal
strains are commonly neglected in shear-deformation theories.

1.2. Objective stress and strain meastres

In structural analyses. stress and strain measures need to be work-conjugate. objective,
geometric, and directional in order to use, in the constitutive equation. the material con-
stants obtained from experiments in which rigid-body rotations are prevented and engin-
eering stress and strain measures are used (Malvern. 1969 ; Pai and Palazotto. 1994a).
Objective stresses and strains are invariant under rigid-body motions and do not arise due
to pure rigid-body rotations. For nonobjective strain measures. there are no material
stiffness matrices that can relate them to their work-conjugate stress measures in the
constitutive equations when large rotations are involved. Unfortunately, most strain mea-
sures are not objective except Green—Lagrange strains and Jaumann strains.

Total Lagrangian finite-element formulations by using Green—-Lagrange strains and
second Piola—Kirchhoff stresses have been well developed [e.g. Palazotto and Dennis
(1992)]. However, there are several drawbacks in the use of Green—Lagrange strains and
second Piola—Kirchhoff stresses. First, because Green-Lagrange strains are defined using
the change in the squared length of an infinitesimal element, they are energy measures and
not geometric measures. Second, because second Piola—Kirchhoft stresses are not defined
as force per unit area and not along three perpendicular directions (Washizu. 1982), it is
difficult to match them with stress conditions on the bonding surfaces in order to determine
shear warping functions. Third, because Green -Lagrange strains and second Piola- Kir-
chhoff stresses are energy measures, their constitutive equation cannot use the material
constants obtained from experiments using engineering stress and strain measures, which
are geometric measures (Pai and Nayfeh, 1994b). Moreover, in order to perform stress
analysis and interlaminar failure analysis of a geometrically nonlinear structure, second
Piola-Kirchhoff stresses are usually transformed into Cauchy stresses, which are geometric
measures. However, the computation of such a transformation is costly (Norwood et «/.,
1991). Even if Cauchy stresses are obtained, it is still difficult to match Cauchy stresses with
the real boundary conditions or to use them in the analyses of laminated composites
because the directions of Cauchy stresses are defined with respect to the undeformed system
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configuration and do not act truly normal or parallel to the deformed reference surface of
the structure. These drawbacks can be avoided by using Jaumann stress and strain measures.

Jaumann (or Jaumann-Biot--Cauchy) strains are defined by using the right stretch
tensor. which is obtained from the deformation gradient by using the polar decomposition
theory (Malvern, 1969). These strains were shown by Fraeijs de Veubeke (1972) to be
objective engineering strain measures. However, Fracijs de Veubeke (1972) did not discuss
the directions of Jaumann strains and their relations to other strain measures, which are
important in large-deformation analyses of composite structures because the stiffnesses of
composite matcerials are direction-dependent. Pai and Nayfeh (1994b), and Pai and
Palazotto (1994a) showed that Jaumann strains are objective engineering strains and
have directions along the deformed svstem configuration. Hence, experimentally obtained
material constants can be used in the constitutive equation of Jaumann stresses and strains.
Because Jaumann strains and stresses are objective even when large rotations are involved,
they can be used to model structures undergoing large rotations and strains.

In analyzing nonlinear structural problems. either the total Lagrangian (T.L.) for-
mulation or the updated Lagrangian (U.L.) is used. In the T.L. formulation, all dis-
placements are referred to the initial configuration at time ¢ = 0 and fully nonlinear equa-
tions are used. This method requires a nonlinear algorithm to solve the equations of motion,
where an iterative procedure is usually required. In a U.L. formulation, all displacements
are referred to the coordinates at the end of the previous load step. Both the T.L. and
U.L. formulations include all kinematic nonlinear effects due to large displacements, large
rotations and large strains. However. in the U.L. formulation, displacements and stresses
need to be transformed and updated. Moreover, because the updated deformed volume of
the previous step is used in the current step of computation, there is always an approxi-
mation involved and such errors can be accumulated. Hence, the T.L. formulation is chosen
in this paper. However. to use the T.L. formulation, fully nonlinear equations of motion
need to be derived.

1.3. Laryge rotations

There are some difficulties in the development of fully nonlinear composite plate
and shell models accounting for large rotations. The fundamental work on geometrically
nonlinear theories of plates and shells is due to von Karman (1910). The von Karman
theory is based on the hypothesis that only the derivatives of transverse deflection are
significant in the nonlinear strain-displacement equations. Although von Karman strains
produce some quadratic and cubic terms in the equations of motion, Pai and Nayfeh (1991)
and Sacco and Reddy (1992) showed that von Karman strains do not account for all
nonlinearities due to large rotations and hence cannot be used to derive a fully nonlinear
two-dimensional structural theory.

To model large rotations of a structure, some researchers used Euler-like angles.
However, since finite rotations are sequence-dependent quantities, their expressions are not
unique. Moreover. the variations of Euler-like angles are not along three orthogonal
directions. Pai and Nayfeh (1991, 1992) used Jaumann stress and strain measures and a
local reference frame, and introduced a new interpretation and manipulation of orthogonal
virtual rotations in deriving geometrically exact plate and beam theories, where the large
structural rotations are fully described by the transformation matrix which relates the local
reference frame and the undeformed system frame. The use of these new concepts makes it
possible to fully correlate Newtonian and energy approaches in nonlinear formulations.
The current numerical results obtained by Pai and Palazotto (1994b) show the merit of
using Jaumann stress and strain measures and these new concepts in the modeling and
analysis of flexible structures undergoing very large deformations and rotations.

1.4. Unification of plate and shell theories

Pal and Nayfeh (1994a) pointed out that both plates and shells are two-dimensional
structures described by two orthogonal curvilinear (or rectilinear if rectangular plates)
coordinates and one rectilinear coordinate perpendicular to the reference surface, and hence
the only difference in the modeling of plates and shells is the initial curvatures of the two
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coordinates on the reference surface. Hence, the formulations of plates and shells can be
simplified by using initial curvatures instead of Lamé parameters and can be unified into
one with all possible curvatures included.

Here, we present a unified geometrically exact theory for laminated plates and shells.
The theory fully accounts for geometric nonlinearities (large rotations and displacements)
and extensionality by using Jaumann stresses and strains and an exact coordinate trans-
formation, which result in exact nonlinear curvature and strain-displacement expressions.
Transverse shear deformations and peeling stresses are accounted for by using a layer-wise
higher-order displacement field, which accounts for the continuity of interlaminar shear
and normal stresses and does not require shear correction factors. Based on the developed
shell theory, discretized incremental finite-element equations are derived using the extended
Hamilton principle.

2. SURFACE ANALYSIS

2.1. Curvatures, in-plane strains, and coordinate systems

Deformations of the reference surface of a shell can be described by two coordinate
systems: one describes the undeformed reference surface and the other describes the
deformed reference surface. We consider a toroidal shell having thickness 4 and two
constant radii of curvatures » and R over the domain 0 <o« <2r and ©, <0< 0,, as
shown in Fig. 1(a). The frame xyz is an orthogonal curvilinear coordinate system with the
curvilinear axes x and y being on the undeformed reference surface and the z axis being a
rectilinear axis, and the frame éx{ is an orthogonal curvilinear coordinate system with the
curvilinear axes ¢ and # being on the deformed reference surface and the { axis being a
rectilinear axis. The frame abc is a body-fixed rectangular coordinate system, which is used,
for reference purposes, in the calculation of the initial curvatures and inertial forces due to
rigid-body motions. We let j,, j,, and j; denote the unit vectors along the axes x, y, and z;
ij, i,, and i, denote the unit vectors along the axes ¢, #, and {; and i,, i,, and i, denote the
unit vectors along the axes «, b, and ¢. It follows from Fig. 1(a) that

dx = (R—rsinf)da, dy=rdo 1)
and the position vector P of the observed point A is given by
P = (R—rsin ) sin ai, + (R —rsin 8) cos aiy, — r cos Oi,. (2)

Taking the first- and second-order derivatives of eqn (2) with respect to x and y yields

. (P .
Ji =7 = cosui,—sindi,
. _cP o o
. = o = —cos 8 sin ai, —cos 6 cos i, + sin 6i,
j: =J Xj, = —sin@sinad, —sin 6 cos ai, — cos 6i,
and
r 0 K kS
Gl =K. (KN =| k8 0~k (3a)
L &Y i 0
ﬁ F0 K -k,
(* - .
T{hzz} = [K3{ii2a}, (K =|—ki O —K3 | (3b)
L 42, &9 0
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()

Fig. 1. The deformation of a shell element: (a) xy= = orthogonal curvilinear frame, where the x—y

surface represents the undeformed reference surface, and &yl = orthogonal curvilinear frame, where

the ¢—x surface represents the deformed reference surtace ; and (b) the undeformed and deformed
geometries of an element of the reference surface.

where {ji.3} = {Ji.joJa} . [K7] and [KY] are the initial curvature matrices, and the initial
curvatures are given by

s . i, —sinf)
kOE . - 4. — - ) k() — ()7:/\,0:0.
"7 ex h cx b R—rsinf o! 6
1 cost

(,]—_-7 0: e 4
T ks R—rsin8’ @

For circular cylindrical shells, R — o and hence k! = k% = 0. For general shells, all the
initial curvatures in eqns (3) are nontrivial (Pai and Nayfeh, 1994a), and hence we will keep
all initial curvatures in the following derivations, instead of using eqn (4).

Figure 1(b) shows an element of the reference surface before and after deformation.
Here, u, v, and w are the displacements of the observed reference point A with respect to
the axes x, y, and z, respectively. The axes ¢ and # represent the deformed configurations
of the axes x and y, respectively; and 74 (= 61 +V42) is the in-plane shear deformation. We
let i; and i; denote the unit vectors along the axes ¢ and 7, respectively. We note that the
axes ¢ and 5 coincide with the axes & and 7 only if the in-plane shear deformation y, is zero.

Letting D = uj, +vj, + wj; and using eqns (3), we obtain
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A8 = dyj + D dx
STy

= [(1 4w, —0kS +whkD)jy + (2 +ukS+wkg iz + (v, —uk —vkg )] dx

D
AC = dyjs + - dy
Oy
= [(u, —vk§ +wk{)jy + (140, + uk§ + wkD)js + (w, — ukg, —vk$)j; 1 dy, (5)

where ( ), = é( )/dxand ( ), = d( )/0y. Hence, the axial strains along the axes Eand i are
e, and e, and are given by

A'B’ —dx
T Ay
= (U, — 0k + whkD)? + (o, + ukS 4wk + (v, — uk? —ok§))” — 1 (6)
A'C'—dy
€ = ———~
; dy
=y — ok wk$s)? + (1o, +uk§ +wk3)? + (w, —uky —vk3)> — 1. (7)

The unit vectors along the & and # directions are given by

o AB
b = GTends Tiji+ 7150+ Ths)s ®
—
e A it T ©)
I = (1+ey)dy = 1) 22)2 23)3,
where
. 1 o 7](0 ,kO R s kl) 10 . [ k()__ .k[)
T”: +H\ 1: 5+H I’ T12:~L\+u—5+w 6|' ”:H_\ UK, UKg) (10)
| +e, 1+e I+e
o= u, — vk ks = I—f-v_r+uk2+n;k2. - w,.—uk{, —vkgl an
l1+e, 1+e, 1+e,
Using eqns (8) and (9), we obtain
Yo = Vo1 TVe2 = Sinrl(ii "i3) = Sinfl(fi | le + szfzz +T13T23)- (12a)

Hence, y, can be represented in terms of u, v, and w. However, to determine the unique
expressions of ., and 7.,, we need to use the relation

(I+e))sinyg = (1+e;)sin e, (12b)

which results from the fact that Jaumann strains are symmetric {Pai and Palazotto, 1994a).
The unit normal to the deformed reference plane is given by

iinj

I3

3 = W<t Taiji + Tazjo + Tasis, (13)

where
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T3| = (TIZT23_fI3TZ2)/RO’ T32 = (f13f21 _fllf23)/R0 T33 = (TIITZZ_TIZTZI)/RO’

Ry = \/(flzfzz—T|3T22)2+(f13f21 _Tllf23)2+(fllfZZ_TIZTZI)Z = |cosyel.  (14)

Using eqns (8), (9), and (13) and Fig. 1(b), we obtain the following transformation
which relates the undeformed coordinate system xyz to the deformed coordinate system

ind:

T]l TIZ T13 7,;ll 7’-"IQ fl}
{il23} = [T]{j123} > [T] = TZI Tzz T23 = [r] T21 Tzz T23 B (153)

Ty, Ty, T T,, Ty, Ty

where
{iI23} = [F]{iiia}
cosve, Siny,, 0]°! . CO8YPe2  —SINYg, 0
[[]=|siny,, cosyq, = —sinys;  COSYs 0
COS V¢
0 0 | 0 0 COS V¢

{i|23} = {ilﬂi23i3}T’ and {ii23} = {ilviZai3}T (15b)

Using eqns (15a) and (3a, b) and the identities

ai, . di . o i, ., i i . )
P T A S g = k. Jox o K.y — 16
F i 2y i,=0, E i E i, 3 i 3 i, for k=123, (16)

where repeated indices do not imply summations, we obtain

O k5 _k|

0 0
é}{i123}=[Kl]{i123}’[Kl]E —ks 0 —kq =%[T]T+[T][K?][T]T 17)
L kl kbl 0
; [0 ke —kal
5 ) = (K Kl = | ke 0 —ky |= "SI H[TUKSNTY, (18)
g kex ki 0 Y

where [K,] and [K,] are the deformed curvature matrices and the deformed curvatures are
given by

a
k = —F;'is = — T T2 — T k§) + Taak? + T3k
ai, . 0 0 0
kZ = - 6}’ = _TZnu'Tlm+TllkZ_T|2k62_—Tl3k4
aiy . 0 0 0
ke = — @Y'h = —T5, T3+ T ks, — T2k — T13k5
oy . 0 0 0
key = — Fy'lz = — T T3 — Ta kS + Taokdy + Tysky

kS = TY.iZ = Tlm\ Tan_ T]lkgl + T}Zk? + T33k(5)
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0Ol
ky=— E}k' iy = =T, Ty — Ta k34 Toykg, + Ts3kq. (19)

Here, i, =i, xiy, i, =iyxi,, iy =1, xi,, and eqn (15a) are used, and 7,,,7:, =
z) 1T, 0T \,/0x. We note that the curvatures in eqn (19) do not represent real curva-
tures because the deformed dx (dy) is not along the i, (i,) direction because ys # 0
(y62 # 0). If y5; = 762 = 0, the curvatures are the normalized, not the real, curvatures because
the differentiations in eqn (19) are taken with respect to the undeformed element
lengths dx and dy, not the deformed lengths (1+e,)dx and (l+e,)dy. When
Yer = V62 = €, = €, = 0, k, and &, denote the bending curvatures with respect to the axes 7
and —¢; k¢, and k,, are the twisting curvatures with respect to the axes —¢ and 7,
respectively ; and &, and ks are the “drilling” or “‘spiral” curvatures, with respect to the
axis {, of the axes n and &, respectively.

2.2. Variations of in-plane strains and curvatures
Using eqns (10) and (11) and the fact that |ij| = |is] = 1, we obtain the variation of
the in-plane strains e, and e, as

e, =T,,8t,, +T,,0t,,+ 1,61, (20)

18151 + Tay0t55 + 130003, 21

S
*
o
Il
[

where
Sty = 01 +u, —vk? +wk®) = du, — kv +kow
511, = (v, +ukd +wkl) = dv, +k26u+k2, dw
Styy = S(w, —uk? —vk?)) = dw, —k%Su—k?,dv
8ty = O(u, — vk +wkg,) = du, —kiov+kg,ow
8ty = 8(1+0v, +uki +wk3) = dv,. +k§ou+k3ow

Stry = 3(w, —uk, —vk9) = dw. —ko,0u—k3dv. (22)

It follows from eqns (8)—(11) that

ol = I — (10t +]j20t1, +j30t3 —i;de;) (23a)
+e,
dis = l—-f-_e‘: (110121 + 20155 +]30125 —is0e,). (23b)

Taking the variation of eqn (12a) and using eqns (23). (8). (9), (20), and (21), we obtain

5 (T —sinye Ty )61, + (Tyy —siny T12)01,, + (Fy5 —sinys T13)115
))6 = —_—
cosye(l+e)

n (T, —sinyeT5,)8t2, + (T2 —sinys Ta2)8t20 + (T3 —sinys T23)011;
cosye(1+e;) '

24

Taking the variation of eqn (12b) and using the fact that éy, = 8y, + 74, We obtain
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(I14+¢,)cos 74,0y, —sin yg,0€, +5in y¢10€,

S, =
rol (1+e,)cosyer +(1+e3) oS 76,

(252)

Sy = (1+e,)cosyq, 074 +5in 76, Oe, _Sin“/ﬁzaez‘ (25b)
(I+ey)cosye +(1+e;)cosye,

In the variational formulation of a structural system, the variations of strains and
therefore curvatures are always involved. To obtain the variations of curvatures (i.e. dk)),
the concept of orthogonal virtual rotations is needed. Because the variations of the unit
vectors i, are due to the virtual rotations of the observed shell element,

0 06, —06,
5{i113} = [59]{i121}’~ [60] = | —00, 0 o8, |, (26)
50, -0, 0

where 660,, 86,, and 66, are the virtual rigid-body rotations of the observed shell element
with respect to the axes &, 5, and {, respectively. We note that 6, are infinitesimal rotations
and hence they are vector quantities. Moreover, 66, are along three perpendicular directions
and hence they are mutually independent. Taking the variations of curvatures defined in
eqns (19) and using eqns (17), (18), and (26), Pai and Nayfeh (1991, 1994a) showed that

_51(6,1 ] [591 {59,
(skI = 5?‘ 562 — [K|] 602 (273)
ok } [503 ]503
— 5k, 56 50
1 s { | 0,
Sky- =5 80, }—[K,]{ 86, . (27b)
sk, | 1593 50,

Using eqns (26), (15b), and (23) and the fact that i;-i; = i;-i5 = 0, we obtain

. e s COSYer . . $in 7,
0, = Sis iy = —8is iy — —

COS Ve T Ccos Y,

(Sif * i}

COS Ve

= ——— " (T4,015, + T3,015, + T, 61,
COS}'6(1+€2)( 11005y + T350155+ T330153)

$IN 762

_WS(TM(S’II+T325r12+T336113) (28)

oL SIMYe oL COSYer
582 = —()ll Iy = 5]2‘ ‘13— 511’ ‘13
COS 7Py COS V¢

SNTOl (T 8101+ Tradtys + Tssdtay)
—COS'}'(,(1+()2) 31 21 32 22 33 23

COS 762
T cosyel+e,) (T5,01), + T3,001, + T3301,3). (29)

Using eqns (26), (15b), and (23), we obtain
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1
2¢os7y,

00; = %((ﬁl iy =0y i) = %(5762_5}'m)+ (3i; 15 —di; *ij)

S 37:Sirr}:"(\f}]7)(jllﬂli(_f‘22‘Sin?'6f12)6t12+(f23_Sin?()fu)étl,’é
B 2cosye(l+e)
(‘Tl] —s8iny, 72100t + (T2 —siny, Ta)dt, + (T _Sin“/'(ufz,?)(s’u
2cosye(l+e5)
2070 = 3751 (30)

Hence, de,, d¢,. 976, dy1n O70a, 08, 005, and 06, can be represented in terms of du, dv,
ow, du,, dv. ow,. du,, dr,, and ow,. Moreover, the variations of curvatures dk; can be
represented in terms of du, dr, w. du,, dv,, dw,, dou,, o, ow,, du,,, dv,,, ow,,, ou,,, ov,,,
ow,,, du,,, ov,.and dw,,.

3. SHEAR WARPINGS AND JAUMANN STRAINS

3.1. Shear warping functions

To include shear deformations in the modeling of a general anisotropic laminated shell
consisting of N layers, each layer needs an assumed displacement field because the material
property is not uniform through the thickness. To account for the transverse normal strain
as well as transverse shear deformations, we modify the layer-wise local displacement field
used by Pai and Nayfeh (1994a) and assume that the local displacement vector u (with
respect to the coordinate system £7{) of the ith lamina has the form

u=\"i, +ut't, + ul'is, (31)
where
w =l (o D)+ z[0,(x, v, 1) — 03 (x, V)] s s+ ol (e y, 022 4 B (L, )2
) = w3 (3 ) —z[0,(x, 3, ) — 00 (x, P+ 74z + 08 (x, p. 02 + B9 (x, p. )2
u =i, )+ o (o, Dz 4+ Y (x, v, D2 32)

Here,  denotes time, u)(j = 1,2, 3) are the displacements (with respect to the local coor-
dinate system ¢x{) of a point which is located at (x, y, 0) before deformation, y,(x, y, r) and
ys(x, y, ¢) are the transverse shear rotation angles at the reference surface, 8, and 0, are the
rotation angles of the normal of the reference surface with respect to the axes & and #,
respectively, and 67 and 69 are the corresponding initial rotation angles. Moreover, o\’ and
B! are functions to be determined by using the continuity conditions of displacements and
interlaminar stresses and the stress conditions on the bonding surfaces. Because the frame
&yl is a local coordinate system and the plane & —p is tangential to the deformed reference
surface, we have

W=l =ul =0)=0%=0, =0, = ouljéx = cul/dy = 0. (33)

To use the local displacement field (31) to derive in-plane strains and deformed curvatures,
one needs to consider a point which is very close to but not the same as the observed point
and its values of those terms in eqn (33) are small but not zero. Then one takes the
derivatives of the local displacement vector and uses eqn (33) to derive in-plane strains and
curvatures. This is called the concept of local displacements [see Appendix B of Pai and
Nayfeh (1994a)]. It follows from Fig. 1(b) and the concept of local displacements that (Pai
and Palazotto, 1994a)
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Taking the derivatives of eqns (31) and (32) and using eqns (33) and (34), we obtain

where

P. F. Paiand A. N. Palazotto

aul s aud .
(deyex Mo (Gey)ay ~ M07e

oul ol
o (14+e;)cosye, — 1, oy = (1+e,)cosy,—1
3 _ Ol 000, 00, 2,
ix | ax TR gy 7 ox gy %
a6, i, é, 06, a0,
—_ = — — i == - = — K>, —_ o= - N —_— = k .
ox Bk 5 2 gy T Then G =he

ou  Quy,, Ou,, Ous, ai, oy Ol

ou_dw Ouy. o Ous A a0k
oy ax Tt e Rt h T T T g

= [(1+e)cosye, — 1 +z(k, =k + G\, —ksG, +k, G, i
+[(1+e,)sinyq, +z(ke, _k2|)+GZ.\'+kSGI +ke1G;is
+iG: =k G —ke 1 G4

ou  Ou,, Ou, u, di

2. 3. 1
~ =1 -1 -1 ~
5}’ (7)’ i + ay 2 + 8y 3 + U, aV + U,

0i, 0i,

o Ty

= [(1+e5)sinyes + 2(kes ~ke2) + G — ks G2 + ko2 G5 i
+[(1+ 1) cosye, — 1 +2(k; — k) + Go, + kG, + k2 G1is
+[Gy, — kG, — kG, iy

aug. 8u;

cu  Cu
=-h+ =t = = G+ Gy + G,

— =i
0z Oz P

- ] ) 53 = - i) = )= i}
Gy =ysz+a’ 2 + B2 G = yaz+ 022 + 927, Gy = oz + B2

Hence, Jaumann strains B,,, are obtained as

. cu
BY) = E;'i. = (1+e)cosye — 1 +z(k, —kDN+ G, —ksG, +k,G,

. cu
BY) = ‘;’iz = (1+e;)cosye —1+z(k, _k(z))+G2_\-+k4G1 +k,G,
, cu ‘ ,
BY = iy = Gy = a4 2:)
P N I
2BY; = (?y'h + E'lz = (1. —k¢: G, — kG, +Gs,

. Cdu . Cu
2B} =a'13+5'11 =G,.—k G ke G2+ Gy,

. u
2B} = i+ =i
x dy

= (1+e,)sinye, + (1 4€;) sinyg, +2(ke —kg)
+Gl)'+GZ.\'+kSGl —‘k4G2 +k(,G3,

(34a)

(34b)

(34c)

(34d)

(35a)

(35b)

(35¢)

(36)

(37)
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where k¢ = k¢, +ko» and ki = k¢, +k2,. We point out here that we have neglected the
“trapezoidal-cross-section’ effects in the strains. Moreover, because Gj; is usually small,
especially for thin shells, one can neglect G; in all strain-displacement expressions except
in that of BY].

To derive approximate analytical shear warping functions, we replace the deformed
curvatures with the initial curvatures in eqn (37) and neglect the influence of G, and G,
to rewrite the transverse shear strains as

2BS} = (1 —k3z) =5 (kgaz)
(k2 2) = B (Ka2) o 2= KYZ) 4 B9 (32 k82
2B(1[_{ = —}’A(kglz)‘f‘?s(l_ iz
+oi’ (22— kVz7) +ﬁ‘1’i)(35: — k2 — a2 (kg 27) —ﬂ(z”(k'g]:}). (38)
Using tensor transformations, we obtain the transformed stiffness matrix [Q"] for the

ith lamina from its principal stiffness matrix [§'"] and its ply angle (measured with respect
to the axis x), and have the stress—strain relations for the ith lamina as

WO = [0UBY () = [OVHBYL ) = (081(BY), (39)
where
[Q‘(:)] — [[Q_(I’)] [O] j|
(1 [9%1]
oy 0% g O
(0] = on g% 0% 0% (09] = [Q—E{A Q'a';] (39)
1= — . . - - 2 = - =
o 0% 0% 0% oy 0%
o 0% 0% 04
{J(l)} — {{J({')}T~ ;(J(::)}T}T {B“)} — {:B(I[)}Tg {B(J;;}T }T

{ i) oy 12 {r) WyYT f {t
oA } = VLI I8N B

(9} = {(J5. 20 {BY ) = (2B 2B (39%¢)

It is assumed that there is no delamination, and hence the in-plane displacements u,
and u, and interlaminar shear stresses J,, and J,, are continuous across the interface of
two adjacent laminae. Moreover, it is assumed that there are no applied shear loads on the
bounding surfaces and hence J,; = J,; = B, = B,; = 0at the - = z, and z = z,, |, planes,
where N is the total number of layers. Hence, we have

B(zl,w)(»\',)'szl ) =0
B (x, 3,2, =0
(. p o D —ui Ve vz =0 fori=1,...,N—1

U (x y, s D —udi (s ) =0 fori=1,...,N—1

Jg% (X'- ."'- :l+ [ [) _J(ZI; ] '('\‘s ,Vﬁ it [) = O fOr "

il
T

JE s =2z, 0 =0 fori=1,.. ,N=1
BYY (X, p,zn0 1, 0) = 0

BYW(x. )y 2y 1) =0. (40)

SAS 32/20-H
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These 4N algebraic equations can be used to determine 4N unknowns (i.e. af’, oy, B, B
fori=1,...,N)in terms of y, and y. as

4 _ ). (Q) 4 0 ) () o,
o allys+atlys, of =aby,+ablys,
0 _ (). Gy _ ) 0)
BY bihys +bikys, 5 = bYiya +bSiys, 41)

where @}/ and b} are functions of z,, @1, 042, and Q4. Hence,

G, = 7sgi i +yagVh . Ga =795 +759%%, (42a,b)

0z (43)

Substituting eqns (42), (43), (37), (39), and (32) into eqns (40) and then setting the
coefficients of 7, and y; to zero yield 8 NV algebraic equations, which can be used to determine
the 8N unknowns—a'}, a\’}, a¥), ab3, YL, BYL, bYL, B, for i=1,...,N (Pai and Nayfeh,
1994a).

Substituting eqns (42) and (43) into eqn (37) yields

{BY\, BYY, 2B T =[SOy}, (44)
where
100 =00 4% 0 g5 0 —ksgts —ksghs
[S§1= [0 1 0 0 =z 0 0 g% 0 g9 kag\) kagih
00 1 0 0 =z g% g% g% g¥% ksglhi—kagth ksgih—kigsh

(45)

(W) = {(I4+e)cosy, —1, (I+e)cosye—1, (14e))sinyg, +(1+e,)sinys,
kl —k(l)vkl -kg»kﬁ _kga Vaxs Tars 75.\-,)’5_m Y4 }'S}T' (46)
Then, it follows from eqns (39a, b), (44). (37), (32), and (33) that «’ and BY can be

determined by using the normal stress conditions on the deformed bonding surfaces and
the continuity conditions of 44" and J4} as

O (1" +2p4"2)) = — {0, 0%, Q4 [SH L. (¥} @7

O (e + 2Bz ) =0 (@8 + 285 V2, )
_( Q(l+l). '(21;1) Q(I+I)I[S(l+l)] _{Q'(l:%’ _(zlg,Q—(z'g.}[Sg)];,“){l//}
'z B~z =BT =0 for i=1,...,N—1 (48)

QN + 282y, ) = — {01, Q% OISV, (¥}, (49)

where we assume that there are no externally applied normal stresses on the deformed
bonding surfaces. Equations (47)— (49) are 2N equations, which can be used to solve for
the 2NV unknowns »{ and 8¢, i = 1,..., N, in terms of {y/} as
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. . . (14+e,)cosys, —1
Y el @l ety
= [4+e5)cosye,—1
() JXGRXTIAT ( ) 762
B 30 3 32 . .
L{(14e))sinyg +{(1+e,)sinye;
(/) () i) k‘hkl‘)\l
dizy  dig  dis o‘
+ pUl pur pi ky =k
! ! t
33 34 35
; ; 35 0
ke —ks
T4y )"4k4
asg @y aly df |y | [d alh ald dll) | veks
Rl S Ll PO (50)
by bYy bYE bYS | vse BY) b b b vska
Tse ysks

3.2. Strain-displacement relations
Substituting eqns (42) and (43) into eqn (37) and neglecting G5, we obtain the Jaumann
strains B} for the ith lamina as

B(Ii)l = (I1+e¢))cosyy, —1+z(k, —kY) +75\‘q[1'.; +}'4\—glx[)1 —ks(’/4g(2i31 +759%}

B} = (1+e:) 00876y — | +2(ky kD) + 74,95 + 75,955 +ka(ysgs + 7294
BY, = o) 4 22

2BYY = 498+ 7595 — Koo (759 + 74910 — k2 (74950 47595

2BV} = 75gVs- 4740V =k (sgi s +749V0) — Koy (74955 475955

2By = (1+e))siny,, +(14e,)sinye, + (ke — ki)

" (i) ~ (2] a (i) N ()
+ Vgl Fradia 5 ags TV g0s

F ks (75 gV 47290 —ka(7a95h +7595%). (5D

where «f’ and BY are given by eqn (50). It follows from eqns (51) and (39¢) that the
Jaumann strains can be written in matrix forms as

(B = [SY Y+ SV (52a)
(B = ([SY1+[SYD (-], (52b)
where
! 0 0 - 0 0
_ 0 I 0 0 z 0
[S({)] = (/) u ) (/) () i)
g 951 g% giy gSi g%
| 0 0 1 0 z
(g‘l’}'z U 0 —ksghi _ksg(zlg
[SV] = 0 g% 0 g% kg k4g(|[§
3 = . . . .
g 9% 9N g4 kagil Hhsgly  kagih+ksgll
Lg%i gV g%t git ksgil—kigth  ksgVt—kegh}
g% g% ks ke J[95% g5
(5] s[ ) } I5¢') = ;[ ][ “ } (530)
!7(11)1_- g} kor kK, g4} 9(1'2
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{l//I} = {(1+C’|)COS"/M —1,.(14+e,)cosye,—1,

(I4e}ysinyg +(1+ey)sinyg,, k) — ko — g,ke“kg}

{'//2} = {74»’/’5}T
(Wi} = (aeva Vs Vs van¥s ) (53b)

gy =ay)+2b0z, j=0,1,...,9
g =af+2bz = 1,....4 (53¢)

The strain-displacement relations shown in eqns (52) can be combined as
IBO) = [S){y), (54a)

where {{/} is shown in eqn (46) and

[S(,-,]:[[sa“l (5] ] (sab)
Lo s9+sert

where [0] is a 2 x 10 null matrix.

4. FINITE-ELEMENT FORMULATION

The dynamic version of the principle of virtual work states (Washizu, 1982)

J (0K, — STl + oW, )dt = 0, (55)
(

)

where IT denotes the elastic energy, K denotes the kinetic energy, and W, . denotes the
nonconservative energy, which includes the energy due to external distributed and/or
concentrated loads and dampings.

4.1. Elastic energy
Because the elastic energy IT is due to relative displacements among material particles,
its variation JI1 is given by

: F 5
ST = | (6,162 dx, i, 46 0t oy iy 43 1,0 doxy -1, ).
L0 ox, 0xs 0x,

where {, is the force vector acting on the deformed surface of the undeformed area dx,dx,,

as shown in Fig. 2. Because Jaumann strains and stresses are defined as (Pai and Palazotto,
1994a)

B I/ou | N du | ou | du | B
=—|—"1 — ] =, =—"], =
nm 2 8xl” n (‘?_"C" 'l a-x'" 7 6x" m nm»

fi i _ fi i, f, i
dx,dx, 7' dx,dy, + dx, dx;

=2J12=2J2| =Jy2+Ja, (56)
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deformed

n

undeformed
y
)

Fig. 2. The undeformed and deformed shapes of an infinitesimal element with the undeformed shape
being a cube.

it follows from eqns (56) and (39a) that

‘N' :‘A| . . . .
o= 3| [ umiony - romy - oy
i=1Ja oy

+2J30 B + 275108, +2J110B)) dA dz

N Zi . _ .
=2 J J (6B}T[0V}{B") dA dz, (57)
i=1Ja s

where A4 denotes the undeformed area of the reference surface. Substituting eqn (54a) into
eqn (57) yields

o1 = f (6} T[®) ) dd, (58)

where [@] 15 a 12 x 12 symmetric matrix given by

il

@)= ¥ J T ISUIIgUIS ™ d (59)

Here, in order to simplify the analysis, we replace the deformed curvatures in eqns (54b)
and (53a) with the undeformed curvatures. In practice, this approximation should not
result in significant loss of accuracy because the curvatures in [SY'] and [S{’] in eqns (52a,
b) are all multiplied by y, and/or 7; and hence they are essentially nonlinear and small.
Moreover, the curvatures cannot undergo large changes within the elastic range if it is a
thick shell, and v, and y5 are small if it is a thin shell.

It follows from eqns (46), (20)—(22), (24), (25), and (27)—(30) that the variation of the
strain vector {{} can be written as

{0y} = [P]{oU}, (60)
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where

WU = (U U U Uy U U0 0 U B, U (61a)

Vo . . B v a - T
W W W W W W Vas Vans Yars Ve Vs Y’S‘l'}

oy
¥Yo= " 61b
Y 5(/[/_ ( )
Similarly, one can put {} in the following form:
W) =¥, (62)
where

i l///
Y, =—. 63
i U/ ( )

We note that [¥] may not be equal to [¥]. Substituting eqns (60) and (62) into eqn (58)
yields

Sl = Jr (U] [®][¥]{ U} dA4. (64)

A

The way that the components of {U} are approximated defines the type of a specific
finite element. Using the finite-element discretization scheme, we discretize the dis-
placements as

{U, Uy W, “/'4~}’5}'T = [N]{qm}s (65)

where {4'"} is the nodal displacement vector of the jth element and [N] is a matrix of two-
dimensional shape functions [see, e.g., Palazotto and Dennis (1992)]. Substituting eqn (65)
into eqn (61a) yields

(U} = [D) g} (66)
[D] = [2][N], 67)

where [¢] is given in Appendix A.
Substituting eqn (66) into eqn (64) yields

N,

ol = ) '[H (0"} T (DT PT [@I¥ID]{g""} dA

j=1
N,
c T :
- Z {aq[/]} [K[/]]{q[/]}
j=1

= {0q}"[K]iq}, (68)

where
[KV] = J [DIT[¥]" [@][¥][D] dA. (69)
it
N, is the total number of elements, A is the area of the jth element, [K'7] is the stiffness

matrix of the jth element, [K] is the structural stiffness matrix, and {¢} is the structural
displacement vector. We note that [K"] and hence [K] may be asymmetric.
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In analyses of nonlinear structures, because the structural stiffness matrix is a non-
linear function of displacements, the governing equations are usually solved by incremen-
tal/iterative methods. To derive linearized incremental equations, we let

¢} = {¢"}+{aq"} . {U} = (U} +{AU}, (70)

where {¢°} denotes the equilibrium solution and {A¢"'} the increment displacement vector.
Then, we obtain the first-order expansions of {} and [¥] as

W} = W +[¥°l{AaU] (71)
and
[¥] = [¥°]+[E] (72)

where the entry Z; of [Z] is given by

- &y

-
—jj

Then, we use eqns (71) and (72) to expand [KY']{¢"" into a Taylor series and neglect
higher-order terms to obtain

(KU (g7} = J (DI (¥ [®](y} dA

A4

B Lm (DT (¥ [@1{y°} + D] [T [@]¥°){AU} +[D][Z]"[®] {°}] d4.

(74)
Using eqn (73) and direct expansions, one can prove that
[E'[®@1{y"} = [Y{AU}, (75)
where [ Y] is a symmetric matrix and its entry Y, is given by
all//() 6‘?0-
Y. =Y. = ° YD
i i lp”lq)’"ll aUl aU/ l/jm hoi au/ (76)
Hence, substituting eqns (75) and (66) into eqn (74) yields
K (g} = [RD){AG) 4 (K] {gli) = 10 (77)
where [K/]] is the so-called element tangent stiffness matrix and is given by
(K] = J (DI ([T [ @11+ [YD[D] dA4 (78)
4041

and
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KV s ooy = J ) [D]T[P°]"[@]y°} dA. (79)

We note that [K")] is a symmetric matrix.

4.2. Kinetic energy
The absolute displacement vector of an arbitrary point on the observed shell is
D = uji + oo +wis + iy —Zfa + (50l +H7ag000 + (.85 +7sg5 )i + (252 4+ B9 2.
(80)
Because translational displacements u, v, and w, rotations of the coordinate system &yl
and shear rotations result in the main parts of the kinetic energy, inertias due to transverse
normal stretching are negligible. Hence. we neglect normal deformations and take the
variation of eqn (80) to obtain
OD = j[0u+ 20T+ + V200 Ty )+ Va0 T 1) +9530(75 Ta1) +95:0(ys Tay )]
2[00+ 20T + 920 T12) +9040(0a T12) +9550(7a Ta2) +9540(ys Taa)]
Fi 0w+ 20T, +9130( s T13) +9150(a T13) +9%50(7aTo3) +9536(ps Tay)]. (81)

Taking time derivatives of D yields

D= i [17+ZT}1 +a0 s T ) 90T ) 495 (e T +g(zi§()’5 T,)7]
‘*’j:[l"‘*‘ffxz +4% (s T) " +4Y) }'4T|2)..+g(2i4)1 }*4T22)"+g(zi§(})5 T5,)"]

+j,‘~["‘"+~'7—.33 + gV s T gl T +9(z’a)1(7’4 153)" +g(2i§(’/5 T,3)"]. (82)

Using eqns (81) and (82), we obtain the variation of the kinetic energy Kg as

0K,

N CO ..
- J J p"'D-oDdzdA4
i=1 - A

r

—J ({0} "pal (i} + {or} T pal{ & } + {0} (] {w}) d4

= fJ (0%} T[m) ) dA. (83)

where p"' is the undeformed mass density of the ith layer,

(4 — ~ o s . VT
U lu-T)ls/4TII~,'iTIIw'4T2I~IST2If

21 . . “ o~ " T
“ll; - {1~ T}z,/4T|2~/5T|3~}4T22w5T:2}
(2 . - -~ ~ T
Wy = 1“-T,n-,4T13~;5T|}~,4T::~;5T:3}
Pl T g T (3T T
W= g

A T

2 — Gy - 0 Gy ) MITE - 4 ) ) Ll

[] = Z ( P tl~—~!/|4a.f/15-!/:4,gzﬂj -(1,«914,915,924,925}(12
=1

v



Composite shells
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11 I IS! 16I 171 181
15 ISI 155 156 157 158

(7] =
Io Toy Ise leo Io7 Ies
I Iy Is; Iy Iy Iy
LIy Isy Isy lex Dy Iy |
] [0] [0]
[(m}=|[0] [A [0]
(0] [0] [7]

{[051151';’-15316’17#18} =

I
e

r-

N i+
— () f o) o i) o () (i}
{ISIalﬁlsIHwIBI} = Z P {49(1'4,491'571492'45392'5}dz

N =,
! 1= (i)
\(155*156’157*[53]\ = Z

p-

— ) { i i /) ')
{166»[6771685177’]785188} = ¢ gyl {1g% §

|
P
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(84)

-
S s
p{1,2,2%, 4V}, ¢4, 9%, 955 } dz

L
. o
P {g\igih, g\ig\h, 9Vhgbk, g\hghh} dz

i+l . . . . . . .
P(') {gﬁ'égns,gl 5934, 9 5925,gz4gg5’ggigg§,g(zlgg(2'§} dz.

(85)

We note that [, = 0 if p'” = p is constant and the middle surface is chosen as the reference

(86)

surface.
It follows from eqns (84), (15), (10), (11), and (14) that the variation of {l//} can be
written as
(o9} = [¥){s0},
where

(N = , . T
1 Uf - {u* Uy u_r’ v, Uy, l”»\'s W, Wy, M’_r’ ))49 }’5}

alpi

=

=&
fi

if

D
&

Substituting eqn (86) into eqn (83) yields
o8y = = | OOV TR0 O) da.
A

Substituting eqn (65) into eqn (87a) yields

(0} = 1B){g"}.
where

[D] = [¢][N]

and [J] is given in Appendix A.

(87a)

(87b)

(88)

89

(90)
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Substituting eqn (89) into eqn (88) yields

oKz

) Jm (5q" YT DI Il (D1 GV} + (1D {g1}) dA

i=1

— Z, {5q[.i]}T([M[i]]{q-[.il} + [C"[./]]{q[jl})

= —{3¢}T(M]{g} +(Cg}).

where

(MY] = J y (D (¥ (][ ¥1[D] d 4

(1] = J,,, [ﬁ]T[\P]T[m][‘;'][ﬁ]dA,

[CY is an artificial damping matrix due to inertias, and it may be asymmetric.
To derive linearized incremental equations, we let

(6"} = ('} + 8"}, {0} = (0°) +{a0).
Then, we obtain the first-order expansions of {/} and [¥] as

W} = {¥°} +[P°){AT}

and

[¥] = [¥]+ (),
where the entry Z; of [£] is given by

.
W= aU,azjkAU"‘

(032

on

92)

93)

o4

95

(96)

Then, we use eqns (94) and (95) to expand [M1]{¢V"} + [C1]{4'"} into a Taylor series and

neglect higher-order terms to obtain

(MG + [CU] gy

- [, o) o

= J 0 ([ﬁ]T[q’O]T[m]{'ﬁo} + [ﬁ]T[\i‘;O]T[m][\i‘;O]{A(j} +2[[5]T[\'{‘;0]T[m][\i‘,0]{AU}

+ (DI ¥ (¥ AT} + (DI I (4°}) d .
Using eqn (96) and direct expansions, one can prove that

E ) (¥°} = [T){AU},

o7

(98)
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where [Y] is a symmetric matrix and its entry Y, is given by

A3 7 -~
T s io &y _,jo ik ¢
] i = i it EU, (’:?y/ - wm’ﬂmuﬁ: .

Hence, substituting eqns (98) and (89) into eqn (97) yields

[Ml/]]{q[,v]} +[€“’]{q“'} — [M[’]]{A[j[’]}—{—[Mm] {ql/l} I Tr—

s= e

+2[C;[’1]|:qm[ o

o

0 {Aq[l}} + []Z[j]]' il = 14 {Aq[”},

where

(MG -, = f (D) (8T ] (4"} 44

Al

[C =y = j (DT (5] d A

[V = oy = { . (B (¥ ][] [¥°] + [T [5] d 4.
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99)

(100)

(101)

(102)

(103)

(104)

Here, [M'"] is the so-called element tangent mass matrix, and it is a symmetric matrix.
Moreover, [K')] is an artificial stiffness matrix due to inertias and it may be asymmetric.

4.3, External loads

It follows from eqn (65) that the variation of nonconservative energy due to external

loads is

»

SW,. = J [8u, 0v, 0w, 874,075} {ri.raury, 0,017 dA
A

I
I [\/]3

j (3gUM T[N {r) 70, r3,0,01TdA
Al

(105)

where r|, r,, and r; are distributed external loads along the directions of the axes x, y, and
z, respectively. Here, we assume that r,, #,, and r; are not parametric loadings, that is, they
are functions of x and y only and not functions of displacements u, v, and w. Moreover,
{R} is the structural nodal loading vector, and { R} is the elemental nodal loading vector,
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which is given hy

RV = | INTT e, 0,011 d A (106)

Jam

4.4. Incremental equations

An incremental/iterative method will be used to solve the derived fully nonlinear
governing equations. Substituting eqns (68), (77). (91), (100), and (105) into eqn (55), we
obtain the incremental equations of motion:

N,

T M (AG +(C1+2CN G + (R + [RVD {ag )

j=1

\
Z RMI wl ]1 HIP [Cm]{qm [K[ ]lq/h A= s (107)

o

where the right-hand terms are shown in eqns (106), (102), and (79) and [CY] and [CY]
are assumed damping matrices due to internal and/or external dampings.

5. DISCUSSION
Substituting eqn (41) into egn (32) yields
V= 20 = 00) 4559V E) + 7491k ()
Ut =t = 20 = 07) 47098k (2) + 75985 (). (108)

=

where gi%(z) and ¢4}(-) are called shear warping functions, and we call ¢\}(z) and g¥.(z)
shear coupling functions. For isotropic plates or one-layer orthotropic plates with an
arbitrary ply angle. the shear functions are

4-7
gl =gt =-——. gii=g¥ =0 (109)
] - 3 e

Thus, there is no coupling between the two transverse shear rotations 7, and ys. This is the
so-called third-order shear-deformation theory (Bhimaraddi. 1984 ; Reddy, 1984). For all
laminated plates except one-layer orlhotroplc plates and cross-ply laminated plates, g%}
and g%} are nontrivial and hence 7, and -5 are linearly coupled. Pai et al. (1993) showed
that skew-symmetric lamination results in even shear coupling functions whereas symmetric
lamination results in odd shear coupling functions. For a general laminated anisotropic
plate, the shear warping functions are not odd functions and the shear coupling functions
are neither odd nor even functions. Pai and Nayfeh (1994a) showed that shear warping
and coupling functions are initial curvature-dependent.
The piece-wise linear shear theory of Di Sciuva (1987) can account for the continuity
of interlaminar shear stresses and is equivalent to setting, in eqn (43),
gis = Vi +hz0 gt = a4 bYiz,
g = av bz ghl = dbl bz (110)
We note that this theory cannot accommodate the free shear stress conditions on the
bonding surfaces and shear stresses are assumed to be constant within each layer.
There are three different ways of treating transverse normal stress and strain. The first
one is to use BY} = 0. which is equivalent to using #{' = u§ in eqn (32). The second one is
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to reduce the stiffness matrix [Q")] in eqn (39a) by using the assumption J§} = 0, which is
usually assumed for thin isotropic plates. The third one is to take the energy of transverse
normal stress and strain into account. Because to solve a structural problem is to locate the
minimum or the maximum point of its system energy. the third method, which is the one
we propose here, is the most appropriate one, especially when highly anisotropic composite
materials are concerned. The influence of transverse normal stress and strain on the struc-
tural stiffnesses can be seen from eqns (52a). (53a), (54). and (59) and the inclusion of g4,
and ¢4} in eqn (53a).

In the presented shell model, the relative normal displacement (i.e. «4’) is assumed to
be a displacement induced by the deformations of the reference surface [see eqns (32) and
(50)] and the relative tangent displacements (i.e. u{' and «4’} are assumed to be able to be
described by the deformations of the reference surface and -, and y; [see eqns (32) and
(41)], which imply that their motion frequency is the same as that of the motion of the
reference surface. However, for moderately thick or even thin shells vibrating at very high
frequencies, the motions of material points away from the reference surface can be
independent of deformations of the reference surface, where a three-dimensional
model is needed. Hence, the presented shell model is quasi-three-dimensional. not three-
dimensional.

6. CLOSURE

Using new concepts of local displacements and orthogonal virtual rotations, Jaumann
stress and strain measures, and an exact coordinate transformation, we developed a geo-
metrically-exact shell theory which accounts for large rotations, large in-plane strains,
arbitrary initial curvatures, transverse shear deformations, interlaminar normal stresses,
continuity of interlaminar shear and peeling stresses, and three-dimensional stress effects.
Moreover, elastic coupling effects between two transverse shear deformations are intro-
duced and shear warping and coupling functions are obtained. Based on this comprehensive
shell theory. a fully nonlinear displacement-based finite-element formulation is derived,
which can be used to model any surface structure undergoing large rotations and strains.
This finite-element model offers great fiexibility in that plates and shells of arbitrary shapes
consisting of arbitrarily oriented composite laminae with arbitrary stiffness properties can
be modeled. The theory can be extended to include initial stresses and hygro-thermal-
mechanical loading conditions.
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APPENDIX A
o 0 0 0 0 ]
8/ox 0 0 0 0
3y 0 0 0 0
/ox? 0 0 0 0
2*/ox dy 0 0 0 0
&y 0 0 0 0
0 1 0 0 0
0 a/ox 0 0 0
0 /oy 0 0 0
0 a*jéx? 0 0 0
0 8 Jixdy 0 0 0
0 3 joy? 0 0 0 Al
0 0 l 0 0
0 0 2jéx 0 0
0 0 ooy 0 0
0 0 &/ext 0 0
0 0 &jexér 0 0
0 0 iy 0 0
0 0 0 1 0
0 0 0 jéx 0
0 0 0 ey 0
0 0 0 0 1
0 0 0 0 8/dx
| o ] 0 0 ey |
Mo 0 0 0 07
diéx 0 0 00
2y 0 0 00
0 1 0 0 0
0 déx 0 00
[ = 0 &8y 0 00 (A2)
0 0 1 00
0 0 ¢iex 00
0 0 ¢didv 00
0 0 0 10
L 0 0 0 0 1]




