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Abstract- Presented here is a new total Lagrangian finite-element formulation for general laminated
composite shells undergoing large-displacement. large-rotation. and large-strain motion. The theory
fully accounts for geometric nonlinearities (large rotations). largc in-plane strains. general initial
curvatures. transverse shear deformations. and interlaminar normal stresses by using Jaumann
stress and strain measures, an exact coordinate transformation. and a new concept of orthogonal
virtual rotations. In addition. with the inclusion of transverse normal and shear stresses, the
theory accounts for three-dimensional stress effects and gives accuratc cffective structural stiffnesses.
Because of the inclusion of all possible initial curvatures. the developed strain-displacement
expressions can be used for any surface structures and are fully nonlinear, which contain von
Karman strains as a special case. Moreover. the theory accounts for the continuity of interlaminar
shear and peeling stresses and the normal and shear stress conditions on the bonding surfaces by
using a new layer-wise local displacement field. which results in a highcr-order shear theory that
contains most shear deformation theories as special cases. In this paper. we develop a fully nonlinear
displacement-based finite-element formulation based on the derived shell theory. The verification
and accuracy of the theory will be presented in a subsequent paper by comparing obtained numerical
results with some exact solutions.

I. I~TRODUCTION

The advent and expanded use of high-performance composite materials in aircraft, aero­
space vehicles, large space structures, automotive, shipbuilding, and recreational industries,
have stimulated interest in the development of refined two-dimensional theories and efficient
computational models for anisotropic plates and shells in order to have accurate predictions
of the static and dynamic responses and failure characteristics. The inherent anisotropy of
composite materials offers linear elastic couplings among bending, extension, torsion, and
shearing motions, thereby making it possible to satisfy sophisticated design criteria, but it
also makes nonclassical three-dimensional effects significant.

Loads on a shell are carried by a combination of bending and stretching actions
because extension and bending motions are coupled due to an initially curved shape. Hence,
the strength of a shell depends on its shape as well as its material. Moreover, owing to the
initial curvatures, curvilinear coordinate systems are needed in the formulation of shells.
These facts complicate the modeling and analysis of shells.

Motion of a shell is described by the deformation of its reference surface and the
shear warpings and transverse stretching of its cross-sections with respect to the deformed
reference surface. Different approximations of the deformation of the reference surface
result in different geometrically nonlinear shell theories, and different approximations of
the cross-section warpings result in different shear-deformation theories.

1.1. Transverse shear and normal stresses
Love (1944) established the foundations of the classical linear theory of thin shells by

applying Kirchhoff's hypothesis to the cross-section deformation and hence neglecting
transverse shear strains. Based on an order-of-magnitude analysis, Koiter (1960) pointed
out that refinements of Love's first approximation theory of thin elastic shells are mean­
ingless unless the effects of transverse shear and normal stresses are taken into account.
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For isotropic plates and shells, shear effects are significant only if they vibrate at
high frcqucncies and or they are thick. For composite structures, shear effects are usually
significant because the ratio of the in-plane Young's moduli Ey (ei = 1,2) to the transverse
shear moduli G" is between 20 and 50 compared with 2.5 to 3.0 in isotropic materials.
Gulati and Essenburg (1967), and Noor and Burton (1990) showed that transverse shear
deformations can be more significant in anisotropic plates and shells than in isotropic or
even orthotropic structures of the same geometry.

In thin structures made of conventional isotropic structural materials, transverse nor­
mal strains and stresses are very small compared to their in-plane counterparts because
transverse normal strains are mainly due to Poisson effect and transverse normal stresses
are almost zero. However, for anisotropic shells, because of anisotropy, nonuniformity of
Poisson \ ra tios through the shell thickness, and/or external pressure loads on the bonding
surfaces (e.g. internal pressures of tires), interlaminar normal stresses and strain energy can
be very high [e.g. see Noor I!f al. (1990)]. Moreover, some researchers (Whitney, 1971;
Whitney and Sun, 1974; Sivakumaran and Chia, 1985; Doxsee and Springer, 1991) showed
that for fiber-reinforced composite shells that undergo large rotations and/or are subjected
to thermal loading, the effects of transverse normal expansion may be quite significant. In
the casc of thermal loading. fiber-reinforced composite materials usually exhibit high
thermal expansion coefficients in directions normal to the fibers and very small coefficients
in the direction of the fibers. Since there are no fibers in the transverse direction of a
laminated composite structure. significant expansion or contraction in this direction can
occur when the structure is subjected to a change in temperature. When thermal and
mechanical loads are combined to cause nonlinear deformations. the effects of transverse
normal strains and stresses are certainly significant, and cannot be neglected.

Experimental results show that (a) the classical shell theory underpredicts the deflec­
tions and overpredicts the natural frequencies and critical buckling loads because the
transverse shear strains are neglected, and (b) the effect of transverse shear deformations
increases with increasing mode number. Moreover. transverse shear and normal stresses
are sources promoting structural failures (such as delaminations) because laminated com­
posites arc weak in interlaminar shear and peeling strengths.

In linear structural analyses. although an indirect post-processing technique by using
equilibrium equations can give reasonable solutions for interlaminar stresses, there is a
concern for using this technique in general application. Moreover. this technique cannot
be directly extended to analyse structures undergoing large rotations because nonlinear
equilibrium equations need to be solved. Hence. to better predict structural dynamic
responses andor failure of laminated shells. transverse normal and shear deformations
need to be directly included in the modeling.

When transverse shear and normal stresses are included. the stress state becomes three­
dimensional. Thus. because of the characteristics of a three-dimensional stress state and
anisotropy and heterogeneity of composite materials. general composite shells need to be
treated as three-dimensional solids. A three-dimensional finite-element method may be the
only way to analyse them. However. a three-dimensional finite-element analysis is very
expensive. especially if certain accuracy is desired. Moreover, the use of three-dimensional
elements would involve many degrees of freedom that may be unnecessary. Furthermore,
since a shell is characterized by a smaller dimension in the thickness direction compared to
the in-plane dimensions. numerical ill-conditioning may occur in a three-dimensional finite­
element analysis.

Fortunately. the inertial forces due to transverse normal and shear displacements are
negligible because they are relative displacements with respect to the deformed reference
surface and are therefore much smaller than the global displacements of the reference
surLlce. especially for shells undergoing large rigid-body movements as well as elastic
deformations. rn general. the effect of rotary inertias is small compared to the effect of
shear deformations (Ambartsumyan, 1969; Wu and Vinson. 1969). This is especially true
for shells undergoing lower-frequency vibrations. However, transverse normal and shear
displacements represent extra degrees of freedom for the deformation of a shell and hence
significantly affect its effective structural stilfnesses. Hence, for a two-dimensional shell
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theory, transverse normal and shear displacemcnts need to be modeled in order to account
for their influence on structural stiffnesses.

For thin shells, lamination theories that employ a single expansion for the displacement
field throughout the entire laminated thickness are commonly used in dynamic analysis.
There are several shear-deformation theories, such as the first-order, third-order (Bhi­
maraddi, 1984; Reddy and Liu, 1985; Dennis and Palazotto, 1989), and other higher-order
theories (Mirsky and Herrmann, 1957; Zukas and Vinson, 1971 ; Whitney and Sun, 1974:
Voyiadjis and Shi, 1991). The first-order shear theory and some higher-order shear theories
need shear correction factors which depend on variations of the shear angles, complex
stress states, and the shape of the shelL and cannot be easily determined. On the other
hand, the third-order shear theory does not involve determination of any unknown shear
coefficients. However, the third-order theory does not account for the continuity of inter­
laminar shear stresses, the elastic coupling of the two transverse shear deformations, and
the influence of initial curvatures, and hence it is appropriate only for isotropic and one­
layer orthotropic plates (Pai et al., 1993; Pai and Nayfeh, 1994a).

For moderately thick composite shells, Di Sciuva (1987) used a piecewise linear
displacement field to fulfill the interlaminar continuity conditions for shear stresses, and
the resulting shear warping functions are structure-dependent. Unfortunately, this theory
does not satisfy the free shear-stress conditions on the boundary surfaccs. Pai et al. (1993)
and Pai and Nayfeh (1994a) extended the piecewise linear displacement field used by Di
Sciuva (1987) by using quadratic and cubic interpolation functions. This displacement field
satisfies continuity conditions of interlaminar shear strcsses, accommodates free shear­
stress conditions on the bonding surfaces, and accounts for initial curvatures and non­
uniform distributions of transverse shear stresses in cach layer. This theory contains most
shear theories as special cases and reveals the shear coupling effect. Transverse normal
strains are commonly neglected in shear-deformation theories.

1.2. Objectil"e stress and strain measures
In structural analyses, stress and strain measures need to be work-conjugate, objective,

geometric, and directional in order to use, in the constitutive equation, the material con­
stants obtained from experiments in which rigid-body rotations are prevented and engin­
eering stress and strain measures are used (Malvern, 1969; Pai and Palazotto. 1994a).
Objective stresses and strains are invariant under rigid-body motions and do not arise due
to pure rigid-body rotations. For nonobjective strain measures, thcre are no material
stiffness matrices that can relate them to their work-conjugate stress measures in the
constitutive equations when large rotations are involved. Unfortunately, most strain mea­
sures are not objective except Green-Lagrange strains and Jaumann strains.

Total Lagrangian finite-element formulations by using Green Lagrange strains and
second Piola-Kirchhoff stresses have been well developed [e.g. Palazotto and Dennis
(1992)]. However, there are several drawbacks in the use of Green--Lagrange strains and
second Piola-Kirchhoff stresses. First, because Green- Lagrange strains are deflned using
the change in the squared length of an infinitesimal element, they are energy measures and
not geometric measures. Second, because second Piola-Kirchhoff stresses are not defined
as force per unit area and not along three perpendicular directions (Washizu, 1982), it is
difficult to match them with stress conditions on the bonding surfaces in order to determine
shear warping functions. Third, because Green -Lagrange strains and second Piola Kir­
chhoff stresses are energy measures, their constitutive equation cannot use the material
constants obtained from experiments using engineering stress and strain measures, which
are geometric measures (Pai and Nayfeh, 1994b). Moreover. in order to perform stress
analysis and interlaminar failure analysis of a geometrically nonlinear structure, second
Piola-Kirchhoff stresses are usually transformed into Ca uchy stresses, which are geometric
measures. However. the computation of such a transformation is costly (Norwood et al.,
1991). Even if Cauchy stresses are obtained, it is still difficult to match Cauchy stresses with
the real boundary conditions or to use them in the analyses of laminated composites
because the directions of Cauchy stresses are defined with respect to the undeformed system
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configuration and do not act truly normal or parallel to the deformed reference surface of
the structure. These drawbacks can be avoided by using Jaumann stress and strain measures.

Jaumann (or Jaumann-BiotCauchy) strains are defined by using the right stretch
tensor. which is obtained from the deformation gradient by using the polar decomposition
theory (Malvern. 19(9). These strains were shown by Fraeijs de Veubeke (1972) to be
objective engineering strain measures. However, Fraeijs de Veubeke (1972) did not discuss
the directions of Jaumann strains and their relations to other strain measures, which are
important in large-deformation analyses of composite structures because the stiffnesses of
composite materials are direction-dependent. Pai and Nayfeh (1994b), and Pai and
Palazotto (1994a) showed that Jaumann strains are objective engineering strains and
have directions along the deformed system configuration. Hence, experimentally obtained
material constants can be used in the constitutive equation of Jaumann stresses and strains.
Because Jaumann strains and stresses are objective even when large rotations are involved,
they can be used to model structures undergoing large rotations and strains.

In analyzing nonlinear structural problems. either the total Lagrangian (TL.) for­
mulation or the updated Lagrangian (U.L.) is used. In the TL. formulation, all dis­
placements are referred to the initial configuration at time t = 0 and fully nonlinear equa­
tions are used. This method requires a nonlinear algorithm to solve the equations of motion,
where an iterative procedure is usually required. In a U.L. formulation, all displacements
are referred to the coordinates at the end of the previous load step. Both the T.L. and
U. L. formulations include all kinematic nonlinear effects due to large displacements, large
rotations and large strains. However. in the U.L. formulation, displacements and stresses
need to be transformed and updated. Moreover. because the updated deformed volume of
the previous step is used in the current step of computation, there is always an approxi­
mation involved and such errors can be accumulated. Hence, the TL. formulation is chosen
in this paper. However. to use the T L. formulation, fully nonlinear equations of motion
need to be derived.

1.3. La}'ije }'otutio/ls
There are some difficulties in the development of fully nonlinear composite plate

and shell models accounting for large rotations. The fundamental work on geometrically
nonlinear theories of plates and shells is due to von Karman (1910). The von Karman
theory is based on the hypothesis that only the derivatives of transverse deflection are
significant in the nonlinear strain-displacement equations. Although von Karman strains
produce some quadratic and cubic terms in the equations of motion, Pai and Nayfeh (1991)
and Sacco and Reddy (1992) showed that von Karman strains do not account for all
nonlinearities due to large rotations and hence cannot be used to derive a fully nonlinear
two-dimensional structural theory.

To model large rotations of a structure. some researchers used Euler-like angles.
However. since finite rotations arc sequence-dependent quantities, their expressions are not
unique. Moreover. the variations of Euler-like angles are not along three orthogonal
directions. Pai and Nayfeh (1991. 1992) used Jaumann stress and strain measures and a
local reference frame. and introduced a new interpretation and manipulation of orthogonal
virtual rotations in deriving geometrically exact plate and beam theories, where the large
structural rotations are fully described by the transformation matrix which relates the local
reference frame and the undeformed system frame. The use of these new concepts makes it
possible to fully correlate Newtonian and energy approaches in nonlinear formulations.
The current numerical results obtained by Pai and Palazotto (1994b) show the merit of
using Jaumann stress and strain measures and these new concepts in the modeling and
analysis of flexible structures undergoing very large deformations and rotations.

IA. U/lificmio/l o/plate a/ld shell theories
Pai and Nayfeh (1994a) pointed out that both plates and shells are two-dimensional

structures described by two orthogonal curvilinear (or rectilinear if rectangular plates)
coordinates and one rectilinear coordinate perpendicular to the reference surface, and hence
the only difference in the modeling of plates and shells is the initial curvatures of the two
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coordinates on the reference surface. Hence, the formulations of plates and shells can be
simplified by using initial curvatures instead of Lame parameters and can be unified into
one with all possible curvatures included.

Here, we present a unified geometrically exact theory for laminated plates and shells.
The theory fully accounts for geometric nonlinearities (large rotations and displacements)
and extensionality by using Jaumann stresses and strains and an exact coordinate trans­
formation, which result in exact nonlinear curvature and strain-displacement expressions.
Transverse shear deformations and peeling stresses are accounted for by using a layer-wise
higher-order displacement field, which accounts for the continuity of interlaminar shear
and normal stresses and does not require shear correction factors. Based on the developed
shell theory, discretized incremental finite-element equations are derived using the extended
Hamilton principle.

2. SURFACE ANALYSIS

2.1. Curvatures, in-plane strains, and coordinate systems
Deformations of the reference surface of a shell can be described by two coordinate

systems: one describes the undeformed reference surface and the other describes the
deformed reference surface. We consider a toroidal shell having thickness h and two
constant radii of curvatures rand R over the domain 0 ::;; a ::;; 2n: and 0 1 ::;; 0 ::;; O 2, as
shown in Fig. I(a). The frame xyz is an orthogonal curvilinear coordinate system with the
curvilinear axes x and y being on the undeformed reference surface and the z axis being a
rectilinear axis, and the frame ~1]' is an orthogonal curvilinear coordinate system with the
curvilinear axes ~ and 1] being on the deformed reference surface and the' axis being a
rectilinear axis. The frame abc is a body-fixed rectangular coordinate system, which is used,
for reference purposes, in the calculation of the initial curvatures and inertial forces due to
rigid-body motions. We let jl, j2' and j3 denote the unit vectors along the axes x, y, and z;
ii, i2, and i3 denote the unit vectors along the axes ~, 1], and C and i", ib , and i e denote the
unit vectors along the axes a, b, and c. It follows from Fig. I (a) that

dx = (R-rsinO)da, dy = rdO

and the position vector P of the observed point A is given by

P = (R - r sin 8) sin rx.ia + (R - r sin 8) cos rx.i b - rcos 8ie •

Taking the first- and second-order derivatives of eqn (2) with respect to x and y yields

ap ".
j I = ~ = COSrx.la - sm alh

ex

ap
j2 = ;l. - = - cos 8 sin rx.ia - cos 0 cos rx.i b + sin eie

c)'

and

[K:l = [ _Oq
k~ -k1 ]C

ax {j12d = [K?]{jI23} ' 0 -~21
k? k21

[Kl] = [ _Ok:

k~ -k~, ]C
-kg,~ {jm} = [Kg]{jI23} ' 0

ey
k22 kg 0

(I)

(2)

(3a)

(3b)
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Fig. I. The deformation of a shell element: (a) xy.: = orthogonal curvilinear frame. where the x-)"
surface represents the undeformed reference surface. and ~'1( = orthogonal curvilinear frame. where
the 1;-'1 surface represents the deformed reference surface; and (b) the undeformed and deformed

geometries of an element of the reference surface.

where {jm} == {jl,j2,j3} T, [K7] and [Kg] are the initial curvature matrices. and the initial
curvatures are given by

-sine

R-rsin e'

ko - ~.2 - ,
r

o cos e
k s =-R--~e'-rsm

(4)

For circular cylindrical shells, R ---> XJ and hence k7 = k~ = O. For general shells, all the
initial curvatures in eqns (3) are nontrivial (Pai and Nayfeh, 1994a), and hence we will keep
all initial curvatures in the following derivations, instead of using eqn (4).

Figure I(b) shows an element of the reference surface before and after deformation.
Here, u, v, and ware the displacements of the observed reference point A with respect to
the axes x, y, and z, respectively. The axes ~ and ~ represent the deformed configurations
of the axes x and y, respectively; and 16 (= 161 +Y(2) is the in-plane shear deformation. We
let ij and i2 denote the unit vectors along the axes ~ and ~, respectively. We note that the
axes ~ and '1 coincide with the axes ~ and ~ only if the in-plane shear deformation 16 is zero.

Letting D == uj) +Vj2 +Wj3 and using eqns (3), we obtain



----> an
A'B' = dxjl + -;~dx
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where ( L == a( );ex and ( ), == D( );3y. Hence, the axial strains along the axes ~ and ~ are
e l and e2 and are given by

A'B'-dx
e l =-~--~

A'C-dv
e, ==---'

- dy

= vi (uy - vk~ + Wk~2)2 + (I + v, + uk~ + H'k~)2 + (w, - Uk~2 - vkg)2 -I. (7)

The unit vectors along the ¢and ~ directions are given by

where

(8)

(9)

l+u\-vk~+lI'k?

1+e l

u\ - vk~ + Il'k?'2
I +C 2

,. + uko+ ~j'kOf _ u.\ 5 61

12 - I +CI

, w, - uk? - vk~ I
T 11 =------

~ 1+ el
(10)

(II)

Using eqns (8) and (9), we obtain

Hence, Y6 can be represented in terms of u, v, and 11'. However, to determine the unique
expressions of r61 and Y62, we need to use the relation

(l2b)

which results from the fact that Jaumann strains are symmetric (Pai and Palazotto, 1994a).
The unit normal to the deformed reference plane is given by

(13)

where
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T 31 = (TI2t23-tI3T22)/Ro, T32 = (TI3t21-tIIT23)/Ro T33 = (Tllt22-TI2T21)/Ro,

Ro == )(T12 T23 - T I3 Tn) 2+ (T13 t 21 - Til t 23 )2 +(til t 22 - T I2 t 21 )2 = IcosY61· (14)

Using eqns (8), (9), and (13) and Fig. l(b), we obtain the following transformation
which relates the undeformed coordinate system xyz to the deformed coordinate system
~IJC

where

(15a)

sm 1'61

cos 1'62

o

O~I-! [ cos 1'62= _1_ _ sin 1'62
cos (6 o

-sin 1'61

COSl'61

o

and {' } _ {' , '}T1[23 = 1i , 12, 13 . (15b)

Using eqns (15a) and (3a, b) and the identities

aij , aik ,
~'Ik = - -'I for j,k = 1,2,3,
ay ay Y

(16)

where repeated indices do not imply summations, we obtain

:x {i",{ ~ IK,]{i",), IK,] ~ [ _Ok,
k s -k'] i0 -k6! = [T] [Tf + [T][K?][T]T (17)

ax
k l k 61 0

[ 0
k 4

--?,' ]~ <1~; IT]' +171IKm71',
a

ay {i 123 } = [K21{i123}' [K21== -k4 0 (18)

k 62 k 2 o -

where [Kd and [K21are the deformed curvature matrices and the deformed curvatures are
given by

k - ai I ,'- T k O T kO T k O
1= - ax 13 - - Imx T3m- T21 61+ 22 1+ 235
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(19)

Here, i l =i2 xi3, i2 =i3 xi l , i3 =i l xi2 , and egn (ISa) are used, and TlrnxT3m=
L~, = I T3rn i3T1rn /ox. We note that the curvatures in egn (19) do not represent real curva­
tures because the deformed dx (dy) is not along the i l (i2) direction because Y61 # °
(Y62 # 0). IfY61 = f62 = 0, the curvatures are the normalized, not the real, curvatures because
the differentiations in egn (19) are taken with respect to the undeformed element
lengths dx and dy, not the deformed lengths (I+el)dx and (1+e2)dy. When
f61 = Y62 = el = e2 = 0, k l and k 2denote the bending curvatures with respect to the axes '1
and - ~; k6l and k 62 are the twisting curvatures with respect to the axes - ~ and '1,
respectively; and k 4 and k s are the "drilling" or "spiral" curvatures, with respect to the
axis " of the axes '1 and ~, respectively.

2.2. Variations of in-plane strains and curvatures
Using egns (10) and (II) and the fact that liil = li21= I, we obtain the variation of

the in-plane strains el and e2 as

(20)

(21)

where

btl I = b(l+u,-vk~+wk7) = bu\-k~bv+k7bw

b/ 12 = b(v\+uk~+wk~l) = bv,+k~bu+k~lbw

bt l3 = b(11',-uk7-vk~l) = bw,-k?bu-k~lbv

bt2l = b(ul'-vk~+wk~2) = bu\-k~bv+k~2bw

bl22 = 15(1 +v, +uk~+ wk~) = bv, +k~bu+k~bw

btn = b(11',. - Uk~2 - vk~) = bw, -k~2bu -k~bv.

It follows from eqns (8)-( 11) that

(22)

(23a)

(23b)

Taking the variation of egn (12a) and using eqns (23), (8), (9), (20), and (21), we obtain

~ (T21 -sin Y6 Til )bt ll + (T22 -sin f6 T 12 )b/ 12 + (Tn - sin Y6 T 13 )bt 13
UY6 =

cos Y6(I +e I)

+ (TII-sinf6T21)bt21 +(TI2-sinf6T22)bt22+(TI3-sinY6T23)bt23.

COSi6(l +e2)

Taking the variation of egn (12b) and using the fact that bY6 = bY61 + bY62' we obtain

(24)
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15-' _ (I + e2) co~ f62 by" - sin 1'61 bel + sin 162 be2

161- (1+el)cos/61 +(1+e2)cosY62

, (1 + eI) cos Y61 bY6 + sin "61 bel - sin Y62 be2
0/'62 =. .

(I + e d cos Y61 + (I + e2) cos Y62

(2Sa)

(25b)

In the variational formulation of a structural system, the variations of strains and
therefore curvatures are always involved. To obtain the variations of curvatures (i,e. 15k),
the concept of orthogonal virtual rotations is needed. Because the variations of the unit
vectors i k are due to the virtual rotations of the observed shell element,

(26)

where M)I, be2, and be3 are the virtual rigid-body rotations of the observed shell element
with respect to the axes ~, 11, and (, respectively. We note that bei are infinitesimal rotations
and hence they are vector quantities. Moreover, be, are along three perpendicular directions
and hence they are mutually independent. Taking the variations of curvatures defined in
eqns (19) and using eqns (17), (18), and (26), Pai and Nayfeh (1991, 1994a) showed that

-bk61 a be'l
bel

bk l ex MJ 2 -[Kll be2
bk s be 3 be 3

l-Jk' a bel r'lbk62 3y
be2 - [K21 ~e2 .

bk4 be 3 oe3

(27a)

(27b)

Using eqns (26), (I5b), and (23) and the fact that i3 • ij = i 3 . ii = 0, we obtain

(28)

(29)

Using eqns (26), (15b), and (23), we obtain
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(t21 - sin ,,(,TIl )bt ll +(t2" -sin f6 t l2 )bt l2 + (tB -sin f6 t lJ)bt l J
- - ~---

2COS}'6(l+el)

(til - sin }'6 t 21 )()t 21 +(t l " - sin }'6 tn)btn +(tl J - sin f6 t 2J )bt2J
- -- --- --_._--- ---------

2COSY6(l +(1)

3057

(30)

Hence, 6el' be2' 6;'6, 6;'61, b;'62' bOlo 15°2, and 60J can be represented in terms of bU, bu,
15\1', 6u" 151'" 6H·,. ()u" 61\, and bl1\. Moreover, the variations of curvatures bkj can be
represented in terms of bu, br, 15\1', 6u" 6v" 1511\, bul" bv" bW" bu,." bVm bw\~" bUr!', bvj.Y'
bH',." bu", 6r \,. and ()\!''I"

3. SHEAR WARPINGS AND JAUMANN STRAINS

3,1. Shear ,rarpingfunctions

To include shear deformations in the modeling of a general anisotropic laminated shell
consisting of N layers, each layer needs an assumed displacement field because the material
property is not uniform through the thickness, To account for the transverse normal strain
as well as transverse shear deformations, we modify the layer-wise local displacement field
used by Pai and Nayfeh (1994a) and assume that the local displacement vector u (with
respect to the coordinate system (YlO of the ith lamina has the form

(31 )

where

U\i
l = 1/1 (x.y, t) +z[U2 (x,y, t)-og(x,y)] +Ysz+o:V1(x,y, t)Z 2 +f3\i)(X,y, t)zJ

u~) = ug(x,y, t) -Z[OI (x,y, t) -87(x,Y)] +h:+o:~I(X,y,t)Z2 +f3~)(x,y, t)zJ

U~I = lI~ (x, y, t) + o:~) (x, y, t)z + f3~1 (x, y, t)Z2. (32)

Here, t denotes time, u? (j = I, 2, 3) are the displacements (with respect to the local coor­
dinate system ~ll0 of a point which is located at (x, y, 0) before deformation, Y4(X, y, t) and
)'5(X, y, t) are the transverse shear rotation angles at the reference surface, ()\ and (}2 are the
rotation angles of the normal of the reference surface with respect to the axes ( and 1],

respectively, and ev and U~ are the corresponding initial rotation angles. Moreover, o:)iI and
f3~i) are functions to be determined by using the continuity conditions of displacements and
interlaminar stresses and the stress conditions on the bonding surfaces. Because the frame
(I]( is a local coordinate system and the plane (- YI is tangential to the deformed reference
surface, we have

(33)

To use the local displacement field (31) to derive in-plane strains and deformed curvatures,
one needs to consider a point which is very close to but not the same as the observed point
and its values of those terms in eqn (33) are small but not zero, Then one takes the
derivatives of the local displacement vector and uses eqn (33) to derive in-plane strains and
curvatures, This is called the concept of local displacements [see Appendix B of Pai and
Nayfeh (l994a)]. It follows from Fig. I (b) and the concept of local displacements that (Pai
and Palazotto. 1994a)
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aog aj I. ° cO? 0 aO? ° aog _ kO-a = - ;:;-"j] = k 1• --;- = -k2 • --;- = -k61 • - 6" (34c)
·x ux uy ux ay ~

(34d)

Taking the derivatives of eqns (31) and (32) and using eqns (33) and (34). we obtain

= [(1 +el)cosY61 -1 +z(k , -k?)+G I,-ksG2+k]G}li l

+ [(1 +el) sin 16] +Z(k61 -k~,) +G2x +ksG I +k61 G}li2

+[Gh-kIGI-k6]G21i} (35a)

GU CUI. aU2" au} . ail ai2 ai}
-;- = --;;-.. II + -a 12+ --;-. I} + UI ;:;- + U2 ;:;- + U3-auy cy )' u)' uy uy y

= [(1 +e2) sin (62 +z(k62 -k~2)+GI,-k4G2 +k62 G}]i 1

+ [(1 +e2) COSY62 -1 +z(k2 -kD+G2 )+k4G] +k2 G}]i 2

+[G1,-k62Gl-k2G21i} (35b)

where

Hence. Jaumann strains Emn are obtained as

(37)
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where k 6 == k 61 +k62 and k~ == k~1 +k~2' We point out here that we have neglected the
"trapezoidal-cross-section" effects in the strains. Moreover, because G3 is usually small,
especially for thin shells, one can neglect G1 in all strain-displacement expressions except
in that of B~i~.

To derive approximate analytical shear warping functions, we replace the deformed
curvatures with the initial curvatures in eqn (37) and neglect the influence of G" and GYI

to rewrite the transverse shear strains as

2B~~ = /4(l-kgz)-~'5(k~22)

- :x\'I(k~222) - f3\i)(k~2Z3) + :x~1(22 _k~Z2) + f3~1 (322-k~23)

Using tensor transformations, we obtain the transformed stiffness matrix [QUI] for the
ith lamina from its principal stiffness matrix [QUI] and its ply angle (measured with respect
to the axis x), and have the stress-strain relations for the ith lamina as

where

[QU)] == [[Q\'I] [0] ]
[0] [Q~'I]

[~fi
Qill QU) Q(li

12 1.1 16

Ql>l QU) QUI QUI [QUI Q~}J[Q\II] ==
12 22 23 26

[Q~i] == _44
QIII Qlil Q(li QUI QUI Qill

11 23 :n 16 45 S5

Qill QU) QUI Q(li
16 26 36 6"

(39b)

(39c)

It is assumed that there is no delamination, and hence the in-plane displacements Ul
and U2 and interlaminar shear stresses 1 13 and 1 23 are continuous across the interface of
two adjacent laminae. Moreover, it is assumed that there are no applied shear loads on the
bounding surfaces and hence 1 13 = 123 = B I3 = B23 = 0 at the 2 = 2 1 and Z = ZN+ I planes,
where N is the total number of layers. Hence, we have

B~\I(X,y,ZI,t) =0

B\IJ(X,)"ZI,r) = 0

U\II(X,y,Zi+)' t)-u\" II(X,y, Z,+ I' t) = 0 for i = I, .... N-I

U~I(X,y,Z,+ I. t) -u~~ II(X,y, Zi~ I' t) = 0 fori = I, ... , N-I

1~~ (x,)', Zi+ I • t) - 1~'t II(X,)', ZI+ I' t) = 0 for i = 1, , N - I

1\'~(x,l', ZI+ I. t) -Pit 1)(X,)',zl+ I, t) = 0 for i = I, ,N-I

SAS 32/20-H

B~'jl(X,y,ZN+ I, t) = 0

B\\i(X.y.ZN+I.t) =0. (40)
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These 4N algebraic equations can be used to determine 4N unknowns (i.e. (XV), (X~), {3V), {3~)
for i = I, ... , N) in terms ofY4 and Ys as

(41)

where a1'/ and hiii are functions of ::" Qiij, Qi'l, and Q~/r Hence,

(42a,b)

where lil. g\t g~l. and g~1 are polynominal functions of z, defined as

(43)

Substituting eqns (42), (43), (37), (39), and (32) into eqns (40) and then setting the
coefficients of /'4 and {'S to zero yield 8N algebraic equations, which can be used to determine
the 8N unknowns-dil.an,a~l.a~LbVLb\iLb~~,b~Lfor i= I, . .. ,N (Pai and Nayfeh,
1994a).

Substituting eqns (42) and (43) into eqn (37) yields

fB Ii ) BII) 2BliJ}T = [Slil]f.I,}
l 11~ 22~ 12 0 tV' ' (44)

where

l~
0 0 - 0 0 qliJ 0 qli) 0 -ksg~~ -ksg~~. 14 • IS

[S~J] =' 0 0 z 0 0 qll) 0 Ii) k4g\i~ k,,ql'l J" 24 g2S

0 0 0 - qUI qli) li1 gli) k sg\i~ - k4g~~ k g(l) -k l')
" 24 , 14 25 15 5 15 4 25

(45)

{if;} {(I+c1)coS/'hl- l , (l+c2)cos{'o2- 1, (l+e l)sinYol+(l+e2)sinYo2,

k kl) k kO k kO " " Y " " ,,}T1- I, 2-2, 6- "6,r4.nf4y, 5.n/5.p{4,r5 . (46)

Then, it follows from eqns (39a, b), (44), (37), (32), and (33) that rt.V and P~) can be
determined by using the normal stress conditions on the deformed bonding surfaces and
the continuity conditions of u~) and J~~ as

~Ii)_ +{3(1)_2 ~II+I)- pli+ 11Z
2 -0 "or ['-1 N 1

"""'3 ';;'i+-l 3 ';:'i+l-\A;I ~i+l- 2\ i+l - 11 - , ••• , -

Q-I;VI(:x~V) +2{3(N)-. ) = _ {Q-U:I Q-(N) Q-(N)} [SIN)] {.I,}
JJ., J '£"/\1+[ I." 23, 36 0 =,\'+1 lJI ,

(47)

(48)

(49)

where we assume that there are no externally applied normal stresses on the deformed
bonding surfaces. Equations (47)-(49) are 2N equations, which can be used to solve for
the 2N unknowns x~) and {3~), i = I, ... , N, in terms of {if;} as
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k 2 -k~

k 6 -k~

(I +e,) cosY6,-1

(I +cc) cosY62-1

(1 +e I ) SiD'r' 6 I + (I +ec) sin Y62

k, -k?
aUI

J
.15

b li)
.15

aUI
.14

hi".14

a~:

bUI
31

la
l'

.)33
+

hI"
33

r r')
14.\

+ la~~ a~~ d1i~ (i) ""

+ la~i aUI aU) CJ

a" ] " 4c 43 ad4J Y4 k s . (50)
hi" b~~ bUI

b~'~ rs, hU) hU) bUI b~l YSk 436 3X 41 42 43

"'r' 51" rsks

3.2. Strain-displacement relations
Substituting eqns (42) and (43) into eqn (37) and neglecting G 3 , we obtain the Jaumann

strains Bj? for the ith lamina as

(51)

where (f.~1 and f3~) are given by eqn (50). It follows from eqns (51) and (39c) that the
Jaumann strains can be written in matrix forms as

[B\ii} = [Sli']{t/J,J +[S~"]{t/J,]

(B~I) = ([S~I]+[S~I)){t/J2]'

where

I 0 0 0

oi0 I 0 0 - 0
[SVlj ==

-

g~11 q'l' qUI gUI gUI '".31 , 3:! ,3 .14 9;5
0 0 0 0

Iq,,, 0 9\'1 0 -ksg~l
-k,qn ]

. 14

0 qUI 0 g~~ k 4i,il k4g\'l
[S~)] == ' 24

qUI g~~ 9~~ gUI k4g~\ +ksg~i k qUI +k gil)• 3 () H 4. 43 5 44
qUI q'l' 9~1 qUI k5g\il-k49~il ksg\'~ -k4g~~'--, 24 . ]4 • 15

llii g'll J l k, k 62 Jl9~i g~~J[S~)] == 924, :2 ),:
[S~Jj ==

9VL
(I) , - k

OI k, g\'i gUIgis, 15

(52a)

(52b)

(53a)



3062 P. F. Pai and A. N. Palazotto

li/Jd == {(1+el)COS}'I,) -1,(1+e2)cosY62- 1,

(1 +el) sin Y61 + (1 +e2) sin Y62' k] -k?, k 2-kg,k6-k~}

{ III \ - f ... , 'it ~, ~I '\1 }.}T
'fIJj = lr4Y'/4y~r5x~{51··/4. 5

g~J == a~J +2b~Jz, j = 0, 1, ... ,9

g~J ==a~J+2b~Jz,j=1'00.,4.

The strain-displacement relations shown in eqns (52) can be combined as

(53b)

(53c)

(54a)

where {i/J} is shown in eqn (46) and

(54b)

where [0] is a 2 x 10 null matrix.

4. FINITE-ELEMENT FORMULATION

The dynamic version of the principle of virtual work states (Washizu, 1982)

I,(bKE-Ml+6Wnc)dt = 0,
o

(55)

where Il denotes the elastic energy, KE denotes the kinetic energy, and Wnc denotes the
nonconservative energy, which includes the energy due to external distributed and/or
concentrated loads and dampings.

4.1. Elastic energy
Because the elastic energy n is due to relative displacements among material particles,

its variation bn is given by

where f l is the force vector acting on the deformed surface of the undeformed area dX2dx3,
as shown in Fig. 2. Because Jaumann strains and stresses are defined as (Pai and Palazotto,
1994a)

1 ( 8u au) GU GU
BOlli = 2- ~'ill+ -~-'illl = ~'in = ~'illl = Bnlll ,

U~'1 6~, UXn1 u~

(56)
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deformed

undeformed

Fig. 2. The undeformed and deformed shapes of an infinitesimal element with the undeformed shape
being a cube.

it follows from eqns (56) and (39a) that

(57)

where A denotes the undeformed area of the reference surface. Substituting eqn (54a) into
eqn (57) yields

(58)

where [«1>] is a 12 x 12 symmetric matrix given by

(59)

Here, in order to simplify the analysis, we replace the deformed curvatures in eqns (54b)
and (53a) with the undeformed curvatures. In practice, this approximation should not
result in significant loss of accuracy because the curvatures in [S~)] and [S~)] in eqns (52a,
b) are all multiplied by f4 and/or (S and hence they are essentially nonlinear and small.
Moreover, the curvatures cannot undergo large changes within the elastic range if it is a
thick shell, and f4 and fS are small if it is a thin shell.

It follows from eqns (46), (20)-(22), (24), (25), and (27)-(30) that the variation of the
strain vector {if;} can be written as

{c5if;} = ['P]{ c5 U}, (60)
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Ii ' II' II' II' It' It' " -, }' " " ,,}T
, .Y' l" .VOyp 1'1"' r4' r4.0 4.1"' I' 5 ~ r5.0 r5,1'

(61a)

(61 b)

Similarly, one can put {lj;} in the following form:

f ,I, \ - ['1'] f U \
1'1' j - \ J'

where

(62)

(63)

We note that ['1'] may not be equal to ['JI]. Substituting eqns (60) and (62) into eqn (58)
yields

I'

<5£1 = t [bU)T['JI]T[<I>J['I'J{ U} dA. (64)

The way that the components of {U} are approximated defines the type of a specific
finite element. Using the finite-element discretization scheme, we discretize the dis­
placements as

f U l' H'" ",iT = [V]{qUlll ' ~ ~t4~rjj 1 f, (65)

where {qI/J} is the nodal displacement vector ofthejth element and [N] is a matrix of two­
dimensional shape functions [see, e.g., Palazotto and Dennis (1992)]. Substituting eqn (65)
into eqn (6Ia) yields

{U} = [D J{ ell}

[D] == [DJ[N],

where [a] is given in Appendix A.
Substituting eqn (66) into eqn (64) yields

."I,.

= I {bqlil} T[KlilJ{ qUJ]
,~ I

where

(66)

(67)

(68)

(69)

N" is the total number of elements, ALii is the area of the jth element, [K1il] is the stiffness
matrix of the jth element, [K] is the structural stiffness matrix, and {q} is the structural
displacement vector. We note that [J(lil] and hence [K] may be asymmetric.
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In analyses of nonlinear structures, because the structural stiffness matrix is a non­
linear function of displacements, the governing equations are usually solved by incremen­
talliterative methods. To derive linearized incremental equations, we let

(70)

where {qO} denotes the equilibrium solution and {LiqLiI} the increment displacement vector.
Then, we obtain the first-order expansions of {if;} and ['1'] as

(71)

and

(72)

where the entry 3i/ of [3) is given by

(73)

Then, we use eqns (71) and (72) to expand [J<lil]{qLiJ) into a Taylor series and neglect
higher-order terms to obtain

[KLiJ]{ qLiJ} = til [Df['I')T[<b]{ if;} dA

= f . [[Dn'l'°n<b]{ if;°}+ [D]T['I'IT [<b]['1'0]{LiU} + [D)T [3]T[<b]{ if;°}) dA.
A[iI \

(74)

Using eqn (73) and direct expansions, one can prove that

(75)

where [Y) is a symmetric matrix and its entry Yi/ is given by

(76)

Hence, substituting eqns (75) and (66) into eqn (74) yields

where [}(fil) is the so-called element tangent stiffness matrix and is given by

[KLil) = f [D]T(['I'0)T[<b]['I'°)+[Y))[D)dA
4[/]

and

(77)

(78)
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[Krill{ql/l} I :,p ~ :'/: = f .[D]T['I'0]T[«I>l{ Ij;0} dA,
./1;1

(79)

We note that [KliI] is a symmetric matrix.

4.2, Kinetic energy
The absolute displacement vector of an arbitrary point on the observed shell is

(80)

Because translational displacements u, 1', and 11', rotations of the coordinate system ~'1(,

and shear rotations result in the main parts of the kinetic energy, inertias due to transverse
normal stretching are negligible, Hence, we neglect normal deformations and take the
variation of eqn (80) to obtain

+ je [b1' +.:-b T'e + ii1b(~'s T] J +iilb((4 Til) +g~1b(}'4Tn) + g~~b(}'s Tn)]

+ j, [()l\' +.:-b T)) + gli! b(;' sT I)) + ii1b('1'4 T I)) + g~1b(}'4 Tn) + g~1b(}'5 T23 )], (81)

Taking time derivatives of D yields

D = jl [zH.:-T) I +g\iH~'s Til)" +g\'1(~'4T Id" +g~H}'4T21 )" +g~~(}'sT21 )"]

+ j2U'+.:-T)e +,l/(( (,'s Tie)" +g\'1(~'4T I c)" +g~H}'4Tn)" +g~~(}'sTn)"]

+ L[li·'+.:-T)) +g\'1(,'s T I ,)" +iil(;'4 T I ))" +9~Hi4Tn)" +g~~(}'sT 23 )'']. (82)

Using eqns (81) and (82), we obtain the variation of the kinetic energy KE as

r

- J ({ ()zW[rizl{ if} + {bzW[nl]{ i1} + {bwV[m]Uq) dA
A

r-l {b0]T[ml{~}dA,

where pili is the undeformed mass density of the ith layer,

[\1'] [II', T", ,'4 TI)./'s T I '."4 Te), '/0 Te)r

[0] [{zW, {z'} T. ['I,}Tr
[nl] = ~ re

" I Oill f I - qill qll.' qUI qU.) IT f I 7 gill g(l) gli) g(l)} dz- .L t- l '-',14" !<=i., 24" ~'iJ t ,-, 14, 15, 24, 25
I = I -.I'::,

(83)
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III II I, h 17 Is

II I~ 151 hi 171 lSI

[!il] =
15 151 155 15fi 157 15K

lfi hi 15fi 1M l fi7 16s

17 171 157 h7 177 In

Is Ix 1 15X hs In Iss

[1
m

]
[0]

[OJ j
[m] == [0] [m] [0]

[0] [0] [m]
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(84)

(85)

We note that II = 0 if p(i) = p is constant and the middle surface is chosen as the reference
surface.

It follows from eqns (84), (15), (10), (II), and (14) that the variation of N} can be
written as

{bt/!} = ['it] {bO},

where

Substituting eqn (86) into eqn (83) yields

Substituting eqn (65) into eqn (87a) yields

where

[15] == [a][N]

and [a] is given in Appendix A.

(86)

(87a)

(87b)

(88)

(89)

(90)
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Substituting eqn (89) into eqn (88) yields

/''11'('

= - L {JqLilV([MLil]{qLil} + [CLiJ]{qLil})
i= I

(91)

where

[MLiI] == J .[D]T['Pf[m]['P][D] dA
Alii

[cLiI] == J .[Df['PlT[m][q,][D] dA,
Alii

[CLiI] is an artificial damping matrix due to inertias, and it may be asymmetric.
To derive linearized incremental equations, we let

Then, we obtain the first-order expansions of {~} and ['i'] as

and

where the entry 3ii of [3] is given by

(92)

(93)

(94)

(95)

(96)

Then, we use eqns (94) and (95) to expand [Mil]{qLiI} + [CLil]{qLiI} into a Taylor series and
neglect higher-order terms to obtain

[MLill {ilil} + [CLill {qLiI}

= til [DlT[+]T[m]{~'} dA

= til ([D]T['i'°lT[m]{ ~·O} + [D]T['i'°lT[m]['i'°]{MJ} +2[D]T['i'°lT[m][+O]{LiU}

+ [D]T['P°lT[m]["Ol {LiO} + [Df[3]T[m] {~'O}) dA. (97)

Using eqn (96) and direct expansions, one can prove that

(98)
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where [Y] is a symmetric matrix and its entry YIJ is given by

Hence, substituting eqns (98) and (89) into eqn (97) yields

[MI/I]{ iilil } + [Clil]{ (/,1] = [Mlill{ ~iiUJ}+ [M[I!] [iiI!} I:"',]; ~ :,,"

+2[Clil] I;,,[;1: ~ :,/'; {~qlil} + [K[il] I:,P'; ~ :,,"; {~qIiJ},

where

[AI IiI ] = f [Dr[,¥O]T[m][,¥O][D] dA
..1[11

[MII!]{ iiliJ } I:,iil: ~ :</': = f [D]T [,¥Or [m]{ ~'O} dA
AliI

[C[il] '"i'l: ~ ;,,": = f .[D]T[,¥O]T[m][",O][D] dA
Alii

[Klilblll ~ :.</': = f . [Dr ([-f0]T[m]["'O] + [Y])[D] dA.
Alii
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(99)

(100)

(101)

(102)

(103)

(104)

Here, [M[/l] is the so-called element tangent mass matrix, and it is a symmetric matrix.
Moreover, [Klil] is an artificial stiffness matrix due to inertias and it may be asymmetric.

4.3. External loads
It follows from eqn (65) that the variation of nonconservative energy due to external

loads is

~

bWnc = t {bu,bv,bH,b";'4,b'/ s}{r"r2 ,rJ,0,OV dA

~f J-'qlil)T[N]TI,. I' I' OO)TdA
~ lUf l I' :!, :" , J
I~ I .jlll

v,
I {bqlil}T {Rlil}
I~ I

(105)

where r l , 1'2, and rJ are distributed external loads along the directions of the axes x, y, and
z, respectively. Here, we assume that 1'1,1'2, and rJ are not parametric loadings, that is, they
are functions of x and y only and not functions of displacements u, v, and w. Moreover,
{R} is the structural nodal loading vector, and {RIiJ} is the elemental nodal loading vector,
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which is given hy
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"

[N]T: 1"1,1"> 1"1, 0, O}'dA.
• ,1'1

(106)

4.4. Incrementa/ equation.1
An incremental iterative method will he used to solve the derived fully nonlinear

governing eq uations. Substituting eqns (68), (77), (91), (100), and (105) into eqn (55), we
obtain the incremental eq uations of motion:

.\
I ([Aft/ll{ ~q[d: +([('iii] +2[{[/1]) :~l//l} + ([Kid] + [KliJ]){ ~qliJ})
I~ I

\
I ({ R[d: - [JII/I] lcPI) - [Clil] {qlil} - [Klil] {ql/l} ):,iil ~ :,/':, (107)

where the right-hand terms are shown in eqns (106), (102), and (79) and [Clil] and [elil]
are assumed damping matrices due to internal and/or external dampings.

'i DISCUSSION

Substituting eqn (41) into eqn (32) yields

(108)

where g'iH::) and g~l(::) are called shear warping functions, and we call g\il(z) and g~§(z)

shear coupling functions. For isotropic plates or one-layer orthotropic plates with an
arbitrary ply angle, the shear functions are

4::'
l/i ~ = l/~~ = :: - --, .(lill~ = .fJ~~ = O.. . - 311 2 J ';l

(109)

Thus, there is no coupling between the two transverse shear rotations ~'4 and (5' This is the
so-called third-order shear-deformation theory (Bhimaraddi, 1984; Reddy, 1984). For all
laminated plates except one-layer orthotropic plates and cross-ply laminated plates, g)i1
and g~~ are nontrivial and hence ~'4 and ~'s are linearly coupled. Pai et a/. (1993) showed
that skew-symmetric lamination results in even shear coupling functions whereas symmetric
lamination results in odd shear coupling functions. For a general laminated anisotropic
plate, the shear warping functions are not odd functions and the shear coupling functions
are neither odd nor even functions. Pai and Nayfeh (1994a) showed that shear warping
and coupling functions are initial curvature-dependent.

The piece-wise linear shear theory of Oi Sciuva (1987) can account for the continuity
of interlaminar shear stresses and is equivalent to setting, in eqn (43),

(110)

We note that this theory cannot accommodate the free shear stress conditions on the
bonding surfaces and shear stresses are assumed to be constant within each layer.

There are three different ways of treating transverse normal stress and strain. The first
one is to use BI{i = O. which is equivalent to using u~' = u~ in eqn (32). The second one is
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to reduce the stiffness matrix [QIII] in eqn (39a) by using the assumption J~\ = 0, which is
usually assumed for thin isotropic plates. The third one is to take the energy of transverse
normal stress and strain into account. Because to solve a structural problem is to locate the
minimum or the maximum point of its system energy, the third method, which is the one
we propose here, is the most appropriate one, especially when highly anisotropic composite
materials are concerned. The influence of transverse normal stress and strain on the struc­
tural stiffnesses can be seen from eqns (52a), (53a), (54), and (59) and the inclusion of g~,~,

and g~,; in eqn (53a).
In the presented shell model, the relative normal displacement (i.e. uj'l) is assumed to

be a displacement induced by the deformations of the reference surface [see eqns (32) and
(50)] and the relative tangent displacements (i.e. l/i l and U~I) are assumed to be able to be
described by the deformations of the reference surface and ~'4 and }'s [see eqns (32) and
(41)], which imply that their motion frequency is the same as that of the motion of the
reference surface. However, for moderately thick or even thin shells vibrating at very high
frequencies, the motions of material points away from the reference surface can be
independent of deformations of the reference surface. where a three-dimensional
model is needed. Hence. the presented shell model is q uasi-three-dimensional, not three­
dimensional.

6. CLOSURE

Using new concepts of local displacements and orthogonal virtual rotations, Jaumann
stress and strain measures, and an exact coordinate transformation, we developed a geo­
metrically-exact shell theory which accounts for large rotations. large in-plane strains,
arbitrary initial curvatures, transverse shear deformations, interlaminar normal stresses,
continuity of interlaminar shear and peeling stresses, and three-dimensional stress effects.
Moreover. elastic coupling effects between two transverse shear deformations are intro­
duced and shear warping and coupling functions are obtained. Based on this comprehensive
shell theory. a fully nonlinear displacement-based finite-element formulation is derived,
which can be used to model any surface structure undergoing large rotations and strains.
This finite-element model offers great flexibility in that plates and shells of arbitrary shapes
consisting of arbitrarily oriented composite laminae with arbitrary stiffness properties can
be modeled. The theory can be extended to include initial stresses and hygro-thermal­
mechanical loading conditions.
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APPENDIX A
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